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Observed choices between risky lotteries are difficult to reconcile with expected utility
maximization, both because subjects appear to be too risk averse with regard to small gambles for this
to be explained by diminishing marginal utility of wealth, as stressed by Rabin (2000), and because
subjects’ responses involve a random element. We propose a unified explanation for both anomalies,
similar to the explanation given for related phenomena in the case of perceptual judgments: they result
from judgments based on imprecise (and noisy) mental representations of the decision situation. In this
model, risk aversion results from a sort of perceptual bias—but one that represents an optimal decision
rule, given the limitations of the mental representation of the situation. We propose a quantitative model of
the noisy mental representation of simple lotteries, based on other evidence regarding numerical cognition,
and test its ability to explain the choice frequencies that we observe in a laboratory experiment.
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Risk-averse choices are conventionally explained as reflecting expected utility maximization
(EUM) on the part of decision makers for whom the marginal utility of additional wealth decreases
with increases in their wealth. Experimentally observed choices under risk are difficult to reconcile
with this theory, however, for several reasons.1 One is the observation that people often decline
even very small bets that offer somewhat better than fair odds. In the case of any smooth utilityof-wealth function, choices ought to become nearly risk-neutral in the case of small enough
stakes (Arrow 1971). And while it is always possible to explain rejection of any given bet by
assuming sufficient rapidly diminishing marginal utility of wealth, the degree of curvature of the
utility function that is required will then imply that the same person should reject even extremely
1. For a broader review, see Friedman et al. (2014).

The editor in charge of this paper was Nicola Gennaioli.
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favourable bets when potential losses are moderately large (though in no way catastrophic), as
explained by Rabin (2000); this too seems plainly counter-factual.2
A well-known response to this difficulty (Rabin and Thaler 2001) is to propose that people
maximize the expected value of a non-linear utility function, but that this function is referencedependent: it is not a context-invariant function of wealth, but instead depends on how the
wealth that may be obtained in different possible states compares to some reference level of
wealth.3 But this proposed solution raises a further question: why the human mind should exhibit
such reference-dependence, if it leads to behaviour that would seem not to be in the decision
maker’s interest.4 Simply stating that this appears to be what many people prefer—as if they
perfectly understand what they are getting from their choices and nonetheless persistently choose
that way—is not entirely convincing. We propose instead an alternative interpretation, under
which decision makers often fail to accurately choose the option that would best serve their true
objectives, because their decision is based not on the exact characteristics of the available options,
but rather on an imprecise mental representation of them.
Our alternative explanation has the advantage that it can simultaneously explain another wellestablished feature of choice behaviour in experimental settings: that choices appear to be random,
in the sense that the same subject will not always make the same choice when offered the same
set of simple gambles on different occasions (Hey and Orme 1994; Hey 1995, 2001). We propose
that this should be understood as reflecting imprecision in the cognitive processes involved in
making a choice, in the same way as random trial-to-trial variation in perceptual judgments (say,
about the relative magnitude of two sensory stimuli) is understood.5
As reviewed in Woodford (2020), the standard approach to modelling imprecision of this kind
in perceptual judgments, since the work of Fechner (1860) and Thurstone (1927), attributes the
randomness in perceptual judgments to randomness in internal representations of the stimulus
features in the brain of the observing subject, and not necessarily to any sub-optimality of the
judgments that are produced on the basis of that imperfect representation of the world. Such an
approach has the advantage of allowing for random variation in the responses that are given on
individual occasions, while nonetheless retaining a fairly constrained specification of the nature of
the randomness. The “decoding” of the information contained in the noisy internal representation
can be assumed to be optimal, leading to a precise specification of this part of the model on
normative grounds; the nature of the noise in the “encoding” process is specified more flexibly,
but this can be a subject of empirical study (e.g. using neurophysiological measurements), and
can also be experimentally manipulated (by changing conditions in ways that should predictably
increase or decrease encoding noise), as we discuss further below.

2. Rabin’s argument appeals to introspection. But see Cox et al. (2013) for examples of experiments in which
subjects make choices with respect to both small and large bets that are inconsistent with EUM under any possible
concave utility function.
3. Fudenberg and Levine (2006, 2011) offer a different potential explanation. But as with the hypothesis of
reference-dependent preferences, their explanation for small-stakes risk aversion provides no explanation for other
phenomena that we address in this article, such as the observation of risk-seeking with respect to small losses along
with risk-aversion with respect to small gains.
4. As Rabin and Thaler (2001) point out, “myopic loss-averters ... make decisions that mean that others can take
money from them with very high probability and very low risk.” They also note that such exploitation seems all too
commonplace. Our point is not to assert that the predictions of such a model must be wrong, but rather to urge that
persistent behaviour of this kind calls for an explanation.
5. For additional types of evidence also suggesting that the valuations that can be accessed when making a decision
are imprecise, see Butler and Loomes (1988, 2007) and Bayrak and Hey (2019).
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In essence, we propose that small-stakes risk aversion can be explained in the same way as
perceptual biases that result from noise in internal representations.6 According to our theory,
intuitive estimates of the value of risky prospects (not ones resulting from explicit symbolic
calculations) are based on mental representations of the magnitudes of the available monetary
payoffs that are imprecise in roughly the same way that the representations of sensory magnitudes
are imprecise, and in particular are similarly random, conditioning on the true payoffs. Intuitive
valuations must be some function of these random mental representations. We explore the
hypothesis that they are produced by a decision rule that is optimal, in the sense of maximizing
the (objective) expected value of the decision maker’s expected wealth, subject to the constraint
that the decision must be based on the random mental representation of the situation.
Under a particular model of the noisy coding of monetary payoffs, we show that this hypothesis
will imply apparently risk-averse choices: the expected net payoff of a bet will have to be strictly
positive for indifference, in the sense that the subject accepts the bet exactly as often as she
rejects it. Risk aversion of this sort is consistent with a decision rule that is actually optimal from
standpoint of an objective (expected wealth maximization) that involves no “true risk aversion” at
all; this bias is consistent with optimality in the same way that perceptual biases can be consistent
with optimal inference from noisy sensory data. And not only can our theory explain apparent
risk aversion without any appeal to diminishing marginal utility, but it can also explain why the
“risk premium” required in order for a risky bet to be accepted over a certain payoff does not
shrink to zero (in percentage terms) as the size of the bet is made small, contrary to the prediction
of EUM.
This explanation has two important advantages over other proposed explanations. First, it is
more parsimonious: rather than introducing separate free parameters to account for risk attitudes
on the one hand and the randomness of choice on the other, the same parameter (the degree of
noise in internal representations) must account for both phenomena in our theory. In addition,
the same hypothesis of optimal choice on the basis of noisy internal representations provides a
unified explanation for a number of additional experimentally observed phenomena (such as the
“isolation effect” and “reflection effect” of Kahneman and Tversky 1979), that require additional,
seemingly independent hypotheses in the account of them given in prospect theory.
And second, the hypothesis that these effects result from imprecision in internal representations, rather than from true preferences and random error in subjects’ reporting of those
preferences, suggests that the degree to which both stochastic choice and risk aversion are observed
should vary across individuals and situations as a result of variation in the amount of working
memory capacity that can be devoted to the representation of the numerical magnitudes involved
in a given choice problem. Various pieces of evidence (discussed further in Section 5) suggest
that this is the case.
Both our own results below and a replication of our work by Garcia et al. (2018) show that
subjects whose choices are more random tend to exhibit greater small-stakes risk aversion, and
Garcia et al. further show that both the randomness of choice and risk aversion in choices
between lotteries correlates with an independent measure of imprecision in subjects’ internal
representations of numerical magnitudes. Moreover, subjects’ capacity for representation of
numerical magnitudes appears to be subject to experimental manipulation. Authors such as
Gerhardt et al. (2016) find that increased “cognitive load” increases the apparent risk aversion
of subjects, while Frydman and Jin (2019) show that choice between lotteries can be made less
stochastic by reducing the range of payoffs used across different trials. None of these effects
6. Our theory is thus similar to proposals in other contexts (such as Koszëgi and Rabin 2008) to interpret
experimentally observed behaviour in terms of mistakes on the part of decision makers—i.e., a failure to make the
choices that would maximize their true preferences—rather than a reflection of some more complex type of preferences.
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can be explained by a preference-based account of either small-stakes risk aversion or stochastic
choice.
While our approach is based on an analogy with imprecision in perceptual judgments,
as modelled in the psychophysical tradition originating with the work of Fechner (1860),
it differs from what are sometimes called “Fechnerian” models of stochastic choice (e.g.
Block and Marschak 1960, or Butler et al. 2012). In such models, a deterministic valuation of
a given lottery is assumed to be precisely computed (say, in accordance with expected utility
theory), but then a random term is added to the valuation in any individual trial; such models
allow choice to be stochastic, but risk attitudes must still be explained by the “deterministic
core” of the model, in a way that is independent of the randomness. In our theory, instead, the
randomness in choice is attributed to random errors at an earlier stage in the valuation process,
which also give rise to departures from risk neutrality.
At the same time, suggesting an analogy with perceptual biases does not mean that the random
errors of interest to us arise only in the perception of data as they are presented to the subject. This
is not even true of perceptual judgments, except of the simplest kind. Drugowitsch et al. (2016)
consider perceptual comparison tasks in which the properties of two sequences of stimuli must be
averaged and then compared with one another, allowing them to determine (from the way in which
the degree of randomness in responses varies with changes in the sequences to be compared) how
much of the randomness in responses is due to (a) noise in the initial perceptions of individual
stimuli, (b) noise in subsequent processing of the initial sensory data to obtain an assessment
of the average for the sequence, or (c) noise in reporting the answer implied by those internal
computations. They conclude that in their task, the most important source of randomness is of
type (b), which the call “inference noise.” Similarly in our case, we suppose that the important
source of noise is error in the representations of numerical magnitudes that are subsequently
accessed in the decision process, rather than error in the initial recognition of the meaning of the
symbols presented to the experimental subject.
Under our hypothesis about the source of small-stakes risk aversion, it is important to jointly
model the determinants of average responses and the randomness in the responses on individual
trials. This has implications not only for theoretical modelling, but for the experimental procedures
that should be used to measure risk attitudes. One should not expect to be able to measure
people’s noise-free preferences by simply measuring modal or median responses, and assuming
that a deterministic model of choice should fit those summary data, as is often presumed in the
experimental literature, as a way of side-stepping the issue of modelling the noise in individual
responses. Instead, the perspective that we propose implies that it is necessary to model the entire
distribution of responses that are predicted to occur under any given objective choice situation.
Given this, different experimental procedures are appropriate as well. Rather than seeking to
obtain a single measure of what is “really” preferred in a given choice situation—by offering
each choice problem only once, and presenting closely related problems together in order to
encourage consistent answers across several problems—we instead use methods similar to those
of perceptual studies (or papers like Mosteller and Nogee 1951): individual choice problems are
presented repeatedly to the same subject, but in random order so as to encourage an independent
judgment in each case. For this reason, we offer new experimental evidence, despite the extensive
prior work on choice between simple gambles.
Section 1 reviews evidence regarding the mental representation of numerical magnitudes that
motivates our model of noisy coding of monetary payoffs. Section 2 presents an explicit model
of choice between a simple risky gamble and a certain monetary payoff, and derives predictions
for the both the randomness of choice and the degree of apparent risk aversion implied by an
optimal decision rule. Section 3 describes a simple experiment in which we are able to test some
of the specific quantitative predictions of this model. Section 4 discusses the implications of our
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theory for additional phenomena reported in experiments such as those of Kahneman and Tversky
(1979). Finally, Section 5 discusses further evidence suggesting that small-stakes risk aversion
reflects imprecise cognition, rather than perfectly understood preferences, and concludes.
1. IMPRECISION IN NUMERICAL COGNITION
An important recent literature on the neuroscience of perception argues that biases in perceptual
judgments can actually reflect optimal decisions—in the sense of minimizing average error,
according to some well-defined criterion, in a particular class of situations that are possible
ex ante—given the constraint that the brain can only produce judgments based on the noisy
information provided to it by sensory receptors and earlier stages of processing in the nervous
system, rather than on the basis of direct access to the true physical properties of external
stimuli (e.g., Stocker and Simoncelli 2006; Wei and Stocker 2015). The approach has been used
to explain systematic biases in perception in a variety of sensory domains (Petzschner et al. 2015;
Wei and Stocker 2017).
The relevance of these observations about perceptual judgments for economic decision might
nonetheless be doubted. Some may suppose that the kind of imprecision in mental coding just
discussed matters for the way in which we perceive our environment through our senses, but
that an intellectual consideration of hypothetical choices is an entirely different kind of thinking.
Moreover, it might seem that typical decisions about whether to accept gambles in a laboratory
setting involve only numerical information about potential payoffs that is presented in an exact
(symbolic) form, offering no obvious opportunity for imprecise perception. However, we have
reason to believe that reasoning about numerical information often involves imprecise mental
representations of a kind directly analogous to those involved in sensory perception.
1.1. Imprecise perception of numerosity
This is clearest (and has been studied most thoroughly) in the case of perceptions of the number
of items present in a visual display. For example, quick judgments can be made about the number
of dots present in a visual display of a random cloud of dots, without taking the time to actually
count them. As with perceptions of physical magnitudes such as length or area, such judgments
of numerosity are subject to random error. And just as in the case of sensory magnitudes, the
randomness in judgments can be attributed to randomness in the neural coding of numerosity
(Nieder and Merten 2007; Nieder and Dehaene 2009; Nieder 2013).
We can learn about how the degree of randomness of the mental representation of a number
varies with its size from the frequency distribution of errors in estimation of numerosity. A
common finding is that when subjects must estimate which of two numerosities is greater, or
whether two arrays contain the same number of dots, the accuracy of their judgments does not
depend simply on the absolute difference in the two numbers; instead, the absolute difference
required for a given degree of accuracy grows as the numbers are made larger, and roughly in
proportion to their magnitudes—a “Weber’s Law” for the discrimination of numerosity analogous
to the one observed to hold in many sensory domains (Ross 2003; Cantlon and Brannon 2006;
Nieder and Merten 2007; Nieder 2013). Moreover, when subjects must report an estimate of the
number of dots in a visual array,7 the standard deviation of the distribution of estimates grows
7. Here, we refer to arrays containing more than five or so dots. As discussed by Jevons (1871) and many subsequent
authors, the numerosity of very small arrays can be immediately perceived (without counting) with high accuracy and
confidence; the cognitive process used in such cases, termed “subitizing” by Kaufman et al. (1949), is quite distinct from
the ability to estimate the approximate numerosity of larger arrays, to which the statements in the text refer.
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in proportion to the mean estimate, with both the mean and standard deviation being larger
when the true number is larger (Izard and Dehaene 2008; Kramer et al. 2011); similarly, when
subjects are required to produce a particular number of responses (without counting them), the
standard deviation of the number produced varies in proportion to the mean number of responses
produced—the property of “scalar variability” (Whalen et al. 1999; Cordes et al. 2001).
All of these observations are consistent with a theory according to which such judgments
of numerosity are based on an internal representation that can be represented mathematically
by a quantity that is proportional to the logarithm of the numerical value that is being encoded,
plus a random error the variance of which is independent of the numerical value that is encoded
(van Oeffelen and Vos 1982; Izard and Dehaene 2008). Let the number n be represented by a real
number r that is drawn from a distribution
(1.1)

where ν is a parameter independent of n. Suppose furthermore that if two stimuli of respective
numerosities n1 and n2 are presented, their corresponding internal representations r1 ,r2 are
independent draws from the corresponding distributions.
Finally, suppose that a subject judges the second array to be more numerous than the first if
and only if the internal representations satisfy r2 > r1 . (This is an optimal decision rule, in the
sense of maximizing the frequency of correct answers, assuming that any given pair of stimuli
are equally likely to be presented in either order.) Then a subject is predicted to respond that array
2 is more numerous with probability


log(n2 /n1 )
Prob[“2 is more”] = 
,
(1.2)
√
2ν
where (z) is the cumulative distribution function of a standard normal variate z.
Equation (1.2) predicts that “Weber’s Law” should be satisfied: the response probability
depends only on the ratio n2 /n1 , and not on the absolute numerosity of either array. And indeed,
Garcia et al. (2018) find that response probabilities are close to being scale-invariant in this sense.
The equation also predicts that the z-transformed response probability (z(p) ≡ −1 (p)) should be
an increasing linear function of log(n2 /n1 ), and hence an approximately linear function of n2 (for
values of n2 near some fixed value of n1 ), with an intercept of zero when n2 = n1 , and a positive
slope that decreases for higher values of the reference numerosity n1 ; this is exactly what the
discrimination data of Krueger (1984) show.8
The observed variability of estimates of numerosity is consistent with the same kind of model
of noisy coding. Suppose that the subject’s estimate n̂ of the numerosity of some array must be
produced on the basis of the noisy internal representation r hypothesized above. If we approximate
the prior distribution from which the true numerosity n is drawn (in a given experimental context)
by a log-normal distribution,9 logn ∼ N(μ,σ 2 ), then the posterior distribution for n, conditional on
2 ).
an internal representation r drawn from (1.1), will also be log-normal: logn|r ∼ N(μpost (r),σpost
Here μpost (r) is an affine function of r, with a slope 0 < β < 1 given by
β≡

σ2
σ 2 +ν 2

,

(1.3)

8. See Figure 5 of Krueger (1984), in which the three panels correspond to three successively larger values of n1 ,
and further discussion in Woodford (2020).
9. We adopt this approximation in order to allow a simple analytical calculation of the posterior distribution, even
though in the experiments referred to here, the value of n is actually always an integer. Note that in the application of this
model in Section 2, monetary payments are assumed to be positive real numbers rather than integers.
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2 > 0 is independent of r (see the Supplementary Appendix for details).
while σpost
If we hypothesize that the subject’s numerosity estimate is optimal, in the sense of minimizing
the mean squared estimation error when stimuli are drawn from the assumed prior distribution,
then we should expect the subject’s estimate to be given by the posterior mean, n̂(r) = E[n|r]. In
this case, log n̂(r) will be an affine function of r, with a slope of β. This result, together with (1.1),
implies that conditional on the true numerosity n, the estimate n̂ will be log-normally distributed:
log n̂ ∼ N(μ̂(n), σ̂ 2 ), where μ̂(n) is an affine function of logn with slope β, and σ̂ 2 is independent
of n. It then follows from the properties of log-normal distributions that

eσ̂ −1 > 0,
2

regardless of the true numerosity n. Thus the property of scalar variability is predicted by a model
of optimal estimation.
A further implication of a Bayesian model of numerosity estimation is that the average
subjective estimate E[n̂|n] should in general differ from the true numerosity n: subjects’ estimates
should be biased. Specifically, the model just proposed implies a power-law relationship,
E[n̂|n] = Anβ

(1.4)

for some A > 0, where 0 < β < 1 is again defined by (1.3). This implies over-estimation of small
numerosities (greater than five), but under-estimation of larger numerosities, to a progressively
greater extent the larger the true numerosity n. This kind of “regressive bias” in subjects’ estimates
of numerosity is characteristic of all experiments in this area, beginning with the classic study of
Kaufman et al. (1949). In fact, authors often report that average estimates can be fit reasonably
well by a concave power law (or log–log plot), of the kind derived above (Krueger 1972,
1984; Indow and Ida 1977; Kramer et al. 2011). The cross-over point, however, at which the
bias switches from over-estimation to under-estimation varies across studies; Izard and Dehaene
(2008) point out that it depends on the range of numerosities used in the study in question. This
is clearly shown by Anobile et al. (2012), who find different concave mappings from n to E[n̂|n]
in two experiments using similar methodologies, but different ranges for the true numerosities
used in the experiment (1–30 dots in one case, 1–100 dots in the other).
As shown in the Supplementary appendix, this is just what the Bayesian model proposed above
would predict: if we vary μ across experiments, holding the other parameters fixed, the crossover point is predicted to vary in proportion to the variation in the prior mean of n. The Bayesian
model also predicts, for a given prior, that increased imprecision in mental coding (a larger value
of ν) should result in a lower value of β, and hence a more concave relationship between the true
and estimated numerosities; and this is what Anobile et al. (2012) find when subjects’ cognitive
load is increased, by requiring them to perform another perceptual classification task in addition
to estimating the number of dots present. Thus, many quantitative features of observed errors
in judgments of numerosity are consistent with a model of optimal judgment based on a noisy
internal representation of numerosity, and a specific (log-normal) model of the noisy coding of
numerical magnitudes in such cases.
1.2. Symbolically presented numerical information
The well-documented imprecision in people’s perception of visually presented numerical
information might seem, however, to be irrelevant for typical laboratory decisions under risk, in
which the relevant monetary amounts are described to the decision maker using number symbols.
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One might reasonably suppose that symbolically presented numbers are generally understood
precisely by the hearer; and to the extent that perceptual errors do occur, they should not generally
be expected to conform to Weber’s Law, as in the case of sensory magnitudes. (If it were a simple
matter of sometimes mis-hearing numbers stated by an experimenter, one might expect that $34.13
could more easily be mistaken for $44.13 than for $34.89.)
Nonetheless, there is a good deal of evidence suggesting that even when numerical quantities
are presented using symbols such as Arabic numerals, the semantic content of the symbol is
represented in the brain in a way that is similar to the way in which magnitudes are represented—
involving imprecision, just as with the representation of physical magnitudes, and with similar
quantities represented in similar ways, so that nearby numerical magnitudes are more likely to
be confused with one another (Dehaene 2011). This is not the only way in which numerical
information is understood to be represented in the brain; according to the well-known “triplecode model” of Dehaene (1992), numbers are represented in three different ways (three “codes”),
in circuits located in different regions of the brain, each with a distinct function. An “Arabic code”
is used for explicit multi-digit arithmetic calculations, while simple verbal counting and retrieval
of memorized facts of arithmetic are instead executed via a “verbal code.”
Yet a third code, the “analog magnitude code,” is drawn upon in tasks involving number
comparisons and approximation. This is thought to be a “semantic” representation of the size of
the quantity represented by a given number—“the abstract quantity meaning of numbers rather
than the numerical symbols themselves” (Dehaene et al. 2003, p. 492)—and to be independent
of the symbolic form in which the number is presented. Scalp electroencephalography (EEG)
recordings while subjects process information presented in the form of Arabic numerals also
indicate that the neural patterns evoked by particular numbers vary continuously with numerical
distance, so that (e.g.) the neural signals for “3” are more similar to those for “4” than to those
for “5” (Spitzer et al. 2017; Luyckx et al. 2018; Teichmann et al. 2018).
The existence of an approximate semantic representation of numerical quantities, even when
numbers are presented symbolically, can also be inferred behaviourally from the ability of
patients with brain injuries that prevent them from performing even simple arithmetic (using
the exact facts of arithmetic learned in school) to nonetheless make fairly accurate approximate
judgments (Dehaene and Cohen 1991). In normal adult humans, this approximate “number sense”
seems also to be drawn upon when number comparisons are made very quickly, or when
previously presented numerical information that has not been precisely memorized must be
recalled (Moyer and Landauer 1967; Dehaene et al. 1990).
Moreover, there is evidence that the mental representation of numerical information used
for approximate calculations involves the same kind of logarithmic compression as in the case
of non-symbolic numerical information, even when the numerical magnitudes have originally
been presented symbolically. Moyer and Landauer (1967), Buckley and Gillman (1974), and
Banks et al. (1976) find that the reaction time required to judge which of two numbers (presented
as numerals) is larger varies with the distance between the numbers on a compressed, non-linear
scale—a logarithmic scale, as assumed in the model of the coding of numerosity sketched above,
or something similar—rather than the linear (arithmetic) distance between them. Further evidence
suggesting that such judgments are based on imprecise analog representations of the numbers
presented comes from the finding of Frydman and Jin (2019) that the distance between numbers
required for their relative size to be correctly judged with a given probability shrinks when the
range of variation in the numbers presented in the experiment is smaller; such an effect is difficult
to explain if errors are attributed to mistakes in processing the presented number symbols.10
10. Their result can instead be explained by the model of logarithmic coding presented in the previous section,
under a small extension of the model discussed in the Supplementary Appendix.
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In an even more telling example for our purposes, Dehaene and Marques (2002) showed that
in a task where people had to estimate the prices of products, the estimates produced exhibited
the property of scalar variability, just as with estimates of the numerosity of a visual display. This
was found to be the case, even though both the original information people had received about
prices and the responses they produced involved symbolic representations of numbers. Evidently,
an approximate analog representation of the prices remained available in memory, though the
precise symbolic representation of the prices could no longer be accessed.
Not only is there evidence for the existence of an approximate semantic representation of
numerical information that is presented symbolically; it seems likely that this “analog magnitude
code” is the same representation of number that is used when numbers are presented nonsymbolically. The region in the intraparietal sulcus that is thought to be the locus of the analogue
magnitude code seems to be activated by the presentation of numerical stimuli, regardless of
the format in which the information is presented: written words or Arabic numerals, visual or
auditory presentations, symbolic or non-symbolic (Piazza et al. 2004; Brannon 2006). If this is
true, it means that we should expect the quantitative model of imprecise internal representations
that explains the perception of numerosity, a context in which the statistical structure of errors has
been documented in more detail, to also apply to the imprecise internal representations that are
drawn upon when fast, approximate judgments are made about symbolically presented numerical
information. We shall explore the implications of this hypothesis for risky choice.
More specifically, our hypothesis is that when people must decide whether a risky prospect
(offering either of two possible monetary amounts as the outcome) is worth more or less than
another monetary amount that could be obtained with certainty, they can make a quick, intuitive
judgment about the relative value of the two options using the same mental faculty as is involved
in making a quick estimate (without explicit use of precise arithmetic calculations) as to whether
the sum of two numbers is greater or less than some other number.
If this is approached as an approximate judgment rather than an exact calculation (as will
often be the case, even with numerate subjects), such a judgment is made on the basis of mental
representations of the monetary amounts that are approximate and analogue, rather than exact and
symbolic; and these representations involve a random location of the amount on a logarithmically
compressed “mental number line.” The randomness of the internal representation of the numerical
quantity (or perhaps, of its value to the decision maker) then provides an explanation for the
randomness in laboratory decisions as to whether to accept simple gambles; and as we show
below, the logarithmic compression provides an explanation for subjects’ apparent risk aversion,
even in the case of gambles for fairly small stakes.
Note that we do not assume that all decisions involving money are made in this way. If someone
is asked to choose between $20 and $22, either of which can be obtained with certainty, we do
not expect that they will sometimes choose the $20, because of noise in their subjective sense of
the size of these two magnitudes. The question whether $20 is greater or smaller than $22 can
instead be answered reliably (by anyone who remembers how to count), using the “verbal code”
hypothesized by Dehaene (1992) to represent the numbers, rather than the “analogue magnitude
code.”
Likewise, we do not deny that numerate adults, if they take sufficient care (and consciously
recognize the problem facing them as having the mathematical structure of a type of arithmetic
problem), are capable of exact calculations of averages or expected values that would not introduce
the kind of random error modeled in the next section. Nonetheless, we hypothesize that questions
about small gambles in laboratory settings (even when incentivized) are often answered on the
basis of an intuitive judgment based on approximate analog representations of the quantities
involved. Note also that our hypothesis does not depend on an assumption that numerical quantities
are mis-perceived at the time that the problem is described to the subject; our model of lottery

Page: 9

1–35

Copyedited by: ES

MANUSCRIPT CATEGORY:

10

Article

REVIEW OF ECONOMIC STUDIES

Downloaded from https://academic.oup.com/restud/advance-article/doi/10.1093/restud/rdaa044/5880002 by Columbia University user on 22 April 2021

choice is perfectly consistent with the subject being able to repeat back to the experimenter the
quantities that he has been told are at stake. But even when the subject knows exactly what
the numbers are (i.e. has access to an exact description of them using the “verbal code”), if the
decision problem is not trivial to answer on the basis of these numbers, we suppose that he may
resort to an approximate judgment on the basis of the imprecise semantic representation of the
numbers, present in the brain at the same time.
While our results here cannot prove this, we suspect that many economic decisions in
everyday life are also made on the basis of approximate calculations using imprecise semantic
representations of numerical magnitudes. The situation in typical laboratory experiments studying
choice under risk is actually the one that is most favourable to the use of explicit mental
arithmetic: the possible payoffs are completely enumerated and explicitly stated, and the
associated probabilities are explicitly stated as well. If, as our results suggest, choices can be
based on approximate calculations of the kind that we model even in such a simple and artificial
setting, it seems even more likely that cognitive mechanisms of this kind are employed in real
situations where the relevant data are only estimates to begin with.
2. A MODEL OF NOISY CODING AND RISKY CHOICE
We now consider the implications of a model of noisy internal representation of numerical
magnitudes for choices between simple lotteries. We assume a situation in which a subject is
presented with a choice between two options: receiving a monetary amount C > 0 with certainty,
or receiving the outcome of a lottery, in which she will have a probability 0 < p < 1 of receiving a
monetary amount X > 0. We wish to consider how decisions should be made if they must be based
on imprecise internal representations of the monetary amounts rather than their exact values.
We hypothesize that the subject’s decision rule is optimal, in the sense of maximizing the
expected value of U(W ), subject to the constraint that the decision must be based on an imprecise
representation r of the problem, rather than the true data. Here, W is the subject’s final wealth at
the end of the experiment, and U(W ) is an indirect utility function, assumed to be smooth and
strictly increasing, indicating the (correctly assessed) expected value to the subject of a given
wealth. Note that our conceptualization of the subject’s objective (from the standpoint of which
the decision rule can be said to be optimal) involves no “narrow bracketing” of the gains from
a particular decision: it is assumed that only final wealth W matters, and not the sequence of
gains and losses by which it is obtained. The expected value is defined with respect to some prior
probability distribution over possible decision situations (here, possible values of X and C that
might be offered).
Let W a be the random final wealth if option a is chosen. If we consider only gambles for small
amounts of money, we can use the Taylor approximation U(W a ) ≈ U(W0 )+U  (W0 )·W a , where
W0 is the subject’s wealth apart from any gain or loss from the experiment, W a is the random
monetary amount gained in the experiment if option a is chosen, and U  (W0 ) is positive for all
possible values of W0 . If we assume furthermore that the subject’s information about W0 is coded
by some internal representation r0 , with a distribution that is independent of the details of the
gains offered by the decision problem, while the quantities X and C have internal representations
rx and rc respectively, that are distributed independently of W0 , then
E[U(W a )|r] ≈ E[U(W0 )|r0 ] + E[U  (W0 )|r0 ]·E[W a |rx ,rc ]
will be an increasing function of E[W a |rx ,rc ], regardless of the value of r0 .
It follows that, as long as stakes are small enough, an optimal decision rule is one that chooses
the action a for which the value of E[W a |rx ,rc ] is larger; we therefore consider the hypothesis
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that decisions are optimal in this sense. Note that our theory’s predictions are thus consistent
with “narrow bracketing”: the choice between two risky prospects is predicted to depend only
on the distributions of possible net gains associated with those prospects, and not on the level of
wealth W0 that the subject has from other sources. But for us this is a conclusion (a property of
optimal decision rules) rather than a separate assumption. Note also that while we do not deny the
reasonableness of assuming that the function U(W ) should involve diminishing marginal utility
of wealth (in the case of sufficiently large changes in wealth), the degree of curvature of the
function U(W ) plays no role in our predictions. Thus small-stakes risk aversion is not attributed
to non-linear utility of income or wealth in our theory.
In line with the evidence discussed in the previous section regarding internal representations
of numerical magnitudes, we assume more specifically that the representations rx and rc are each
a random draw from a probability distribution of possible representations, with distributions
(2.1)

Here, ν > 0 is a parameter that measures the degree of imprecision of the internal representation of
such quantities (assumed to be the same regardless of the monetary amount that is represented); we
further assume that rx and rc are distributed independently of one another. We treat the parameter
p as known (it does not vary across trials in the experiment described below), so that the decision
rule can (and indeed should) depend on this parameter as well.11
As in the model of numerosity perception presented in Section 1.2, these representations
do not themselves constitute perceived values of the monetary amounts; instead, the internal
representations must be “decoded” in order to provide a basis for decision, in the case of a
given decision problem. The optimal decision in the case of a pair of mental representations
r = (rx ,rc ) depends not only on the specification (2.1) of the noisy coding, conditional on the true
magnitudes, but also on the relative ex ante likelihood of different possible decision situations,
which we specify by a prior probability distribution over possible values of (X,C). We can then
consider the optimal decision rule from the standpoint of Bayesian decision theory. It is easily
seen that E[W a |rx ,rc ] is maximized by a rule under which the risky lottery is chosen if and
only if
p·E[X|rx ] > E[C|rc ],
(2.2)
which is to say if and only if the expected payoff from the risky lottery exceeds the expected
value of the certain payoff.12
The implications of our logarithmic model of noisy coding are simplest to calculate if (as
in the model of numerosity estimation) we assume a log-normal prior distribution for possible
monetary quantities. To reduce the number of free parameters in our model, we assume that under
the prior X and C are assumed to be independently distributed, and furthermore that the prior
distributions for both X and C are the same (some ex ante distribution for possible payments that
one may be offered in a laboratory experiment). It is then necessary only to specify the parameters
of this common prior:
logX, logC ∼ N(μ, σ 2 ).
(2.3)
Under the assumption of a common prior for both quantities, the common prior mean μ does not
affect our quantitative predictions about choice behaviour; instead, the value of σ does matter, as
11. See Section 4.1 for discussion of an extension of the model in which p is also imprecisely represented.
12. Note that while the payoff C is certain, rather than random, once one knows the decision situation (which
specifies the value of C), it is a random variable ex ante (assuming that many different possible values of C might be
offered), and continues to be random even conditioning on a subjective representation of the current decision situation,
assuming that mental representations are noisy as assumed here.
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this influences the ex ante likelihood of X being sufficiently large relative to C for the gamble to be
worth taking. The model thus has two free parameters, to be estimated from subjects’ behaviour:
σ, indicating the degree of ex ante uncertainty about what the payoffs might be, and ν, indicating
the degree of imprecision in the coding of information that is presented about those payoffs on a
particular trial.
Predicted frequency of acceptance of a gamble

Under this assumption about the prior, the posterior distributions for both X and C are log-normal,
as in the model of numerosity estimation in the previous section. It follows that the posterior means
of these variables are given by
E[X|r] = eα+βrx ,

E[C|r] = eα+βrc ,

with β is again defined by (1.3). (The details are explained in the Supplementary Appendix.)
Taking the logarithm of both sides of (2.2), we see that this condition will be satisfied if and only
if
logp + βrx > βrc ,
which is to say, if and only if the internal representation satisfies
rx −rc > β −1 logp−1 .

(2.4)

Under our hypothesis about the mental coding, rx and rc are independently distributed normal
random variables (conditional on the true decision situation), so that
rx −rc ∼ N(logX/C, 2ν 2 ).
It follows that the probability of (2.4) holding, and the risky gamble being chosen, is given by


logX/C −β −1 logp−1
Prob[accept risky|X,C] = 
.
(2.5)
√
2ν
Equation (2.5) is the behavioural prediction of our model. It implies that choice in a problem
of this kind should be stochastic, as is typically observed. Furthermore, it implies that across a
set of gambles in which the values of p and C are the same in each case, but the value of X varies,
the probability of acceptance should be a continuously increasing function of X. This is in fact
what one sees in Figure 1, which plots data from Mosteller and Nogee (1951).13 The figure plots
the responses of one of their subjects to a series of questions of the type considered here. In each
case, the subject was offered a choice of the form: are you willing to pay five cents for a gamble
that will pay an amount X with probability 1/2, and zero with probability 1/2? The figure shows
the fraction of trials on which the subject accepted the gamble, in the case of each of several
different values of X. The authors used this curve to infer a value of X for which the subjects
would be indifferent between accepting and rejecting the gamble, and then proposed to use this
value of X to identify a point on the subject’s utility function.
13. This study is of particular interest for our purposes because the authors use a method intended to elicit repeated,
independent decisions about exactly the same pair of gambles at different points during the same study, as is common in
psychometric studies of imprecision in perception. We follow the same method in our own experiment, reported in the
next section.
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Figure 1
Theoretically predicted probability of acceptance of a simple gamble as a function of the value X when the gamble pays
off, for parameter values explained in the text. Circles represent the data from Mosteller and Nogee (1951).

Figure 1 plots the data from Mosteller and Nogee (1951), together with a solid curve that
graphs the predicted relationship (2.5), in the case that σ = 0.26 and ν = 0.07. Note that these
values allow a reasonably close fit to the choice frequencies plotted in the figure from Mosteller
and Nogee.
Moreover, the parameter values required to fit the data are fairly reasonable ones. The value ν =
0.07 for the so-called “Weber fraction” is less than half the value indicated by human performance
in comparisons of the numerosity of different fields of dots (Dehaene 2008, p. 540); on the other
hand, Dehaene (2008, p. 552) argues that one should expect the Weber fraction to be smaller in the
case of numerical information that is presented symbolically (as in the experiment of Mosteller and
Nogee) rather than non-symbolically (as in the numerosity comparison experiments).14 Hence
this value of ν is not an implausible degree of noise to assume in the mental representations
of numerical magnitudes used in approximate calculations. The value of σ for the degree of
dispersion of the prior over possible monetary rewards is also plausible. In fact, the distribution
of values of X used in the trials reported in the figure is one in which the standard deviation of
logX is 0.34, so that the implicit prior attributed to the subject by our model is of at least the right
order of magnitude.
2.2. Explaining the Rabin paradox
Our model explains not only the randomness of the subject’s choices, but also her apparent risk
aversion, in the sense that the indifference point (a value of X around 10.7 cents in Figure 1)
corresponds to a gamble that is better than a fair bet. This is a general prediction of the model,
14. Garcia et al. (2018) have the same subjects do two versions of such a task, one in which the monetary amounts
are presented symbolically (as in the experiment of Mosteller and Nogee) and one in which the amounts X and C are
presented as visual arrays of euro coins. They find similar stochastic choice curves in both cases, but the implied value
of ν is larger when the amounts are shown visually.
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since the indifference point is predicted to be at X/C = (1/p)β > 1/p, where the latter quantity
would correspond to a fair bet. The model predicts risk neutrality (indifference when X/C = 1/p)
only in the case that β = 1, which according to (1.3) can occur only in the limiting cases in
which ν = 0 (perfect precision of the mental representation of numerical magnitudes), or σ is
unboundedly large (radical uncertainty about the value of the payoff that may be offered, which
is unlikely in most contexts).
The model furthermore explains the Rabin (2000) paradox: the fact that the compensation
required for risk does not become negligible in the case of small bets. According to EUM, the
value of X required for indifference in a decision problem of the kind considered above should
be implicitly defined by the equation
pU(W0 +X)+(1−p)U(W0 ) = U(W0 +C).
For any increasing, twice continuously differentiable utility function U(W ) with U  < 0, if 0 < p <
1, this condition implicitly defines a solution X(C;p) with the property that pX(C;p)/C > 1 for all
C > 0, implying risk aversion. However, as C is made small, pX(C;p)/C necessarily approaches
1. Hence the ratio pX/C required for indifference exceeds 1 (the case of a fair bet) only by an
amount that becomes arbitrarily small in the case of a small enough bet. It is not possible for the
required size of pX to exceed the certain payoff even by 7% (as in the case shown in Figure 1),
in the case of a very small value certain payoff, unless the coefficient of absolute risk aversion
(−U  /U  ) is very large—which would in turn imply an implausible degree of caution with regard
to large bets.
−1
In our model, instead, the ratio pX/C required for indifference should equal  ≡ p−(β −1) ,
which is greater than 1 (except in the limiting cases mentioned above) by the same amount,
regardless of the size of the gamble. As discussed above, the degree of imprecision in mental
representations required for  to be on the order of 1.07 is one that is quite consistent with
other evidence. Hence, the degree of risk aversion indicated by the choices in Figure 1 is wholly
consistent with a model that would predict only a modest degree of risk aversion in the case of
gambles involving thousands of dollars.
It is also worth noting that our explanation for apparent risk aversion in decisions about small
gambles does not rely on loss aversion, like the explanation proposed by Rabin and Thaler (2001).
Our model of the mental representation of prospective gains assumes that the coding and decoding
of the risky payoff X are independent of the value of C, so that small increases in X above C do
not have a materially different effect than small decreases of X below C.
Instead, in our theory the EUM result that the compensation for risk must become negligible
in the case of small enough gambles fails for a different reason. Condition (2.4) implies that
the risky gamble is chosen more often than not if and only if p·m(X) > m(C), where m(·) is a
power-law function of a kind that also appears in (1.4). It is as if the decision maker assigned
a non-linear utility m(W a ) to the wealth increment W a . Our model of optimal decision on
the basis of noisy internal representations explains why the ratio m(X)/m(C) is in general not
approximately equal to X/C even in the case that X and C are both small.
3. AN EXPERIMENTAL TEST
A notable feature of the behavioural equation (2.5) is that it predicts that subjects’ choice
frequencies should be scale-invariant, at least in the case of all small enough gambles: multiplying
both X and C by an arbitrary common factor should not change the probability of the risky
gamble being chosen. This feature of the model makes it easy to see that the Rabin paradox is
not problematic for our model. In order to test this predictions of our model, we conducted an
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experiment of our own, in which we varied the magnitudes of both X and C. We recruited 20
subjects from the student population at Columbia University, each of whom was presented with a
sequence of several 100 trials. Each individual trial presented the subject with a choice between
a certain monetary amount C and a probability p of receiving a monetary amount X.15
The probability p of the non-zero outcome under the lottery was 0.58 on all of our trials, as we
were interested in exploring the effects of variations in the magnitudes of the monetary payments,
rather than variations in the probability of rewards, in order to test our model of the mental coding
of monetary amounts. Maintaining a fixed value of p on all trials, rather than requiring the subject
to pay attention to the new value of p associated with each trial, also made it more plausible to
assume (as in the model above) that the value of p should be known precisely, rather than having
to be inferred from an imprecisely coded observation on each occasion.
We chose a probability of 0.58, rather than a round number (such as one-half, as in the
Mosteller and Nogee experiment discussed above), in order not to encourage our subjects to
approach the problem as an arithmetic problem that they should be able to solve exactly, on
the basis of representations of the monetary amounts using the “Arabic code” rather than the
“analog magnitude code,” in the terminology of Dehaene (1992). We expect Columbia students
to be able to solve simple arithmetic problems using methods of exact mental calculation that
are unrelated to the kind of approximate judgments about numerical magnitudes with which our
theory is concerned but did not want to test this in our experiment. We chose dollar magnitudes
for C and X on all trials that were not round numbers, either, for the same reason.
The value of the certain payoff C varied across trials, taking on the values $5.55, $7.85,
$11.10, $15.70, $22.20,
√ or $31.40. (Note that these values represent a geometric series, with each
successive amount 2 times as large as the previous one.) The non-zero payoff X possible under
the lottery option was equal to C multiplied by a factor 2m/4 , where m took an integer value
between 0 and 8. There were thus only a finite number of decision situations (defined by the
values of C and X) that ever appeared, and each was presented to the subject several times over
the course of a session. This allowed us to check whether a subject gave consistent answers when
presented repeatedly with the same decision, and to compute the probability of acceptance of
the risky gamble in each case, as in the experiment of Mosteller and Nogee. The order in which
the various combinations of C and X were presented was randomized, in order to encourage the
subject to treat each decision as an independent problem, with the values of both C and X needed
to be coded and encoded afresh, and with no expectations about these values other than a prior
distribution that could be assumed to be the same on each trial.
Our experimental procedure thus differed from ones often used in decision-theory
experiments, where care is taken to present a sequence of choices in a systematic order, so
as to encourage the subject to express a single consistent preference ordering. We were instead
interested in observing the randomization that, according to our theory, should occur across
a series of genuinely independent reconsiderations of a given decision problem; and we were
concerned to simplify the context for each decision by eliminating any obvious reason for the
data of one problem to be informative about the next.
We also chose a set of possible decision problems with the property that each value of X could
be matched with the same geometric series of values for C, and vice versa, so that on each trial
it was necessary to observe the values of both C and X in order to recognize the problem, and
neither value provided much information about the other (as assumed in our theoretical model).
At the same time, we ensured that the ratio X/C, on which the probability of choosing the lottery
should depend according to our model, always took on the same finite set of values for each value
15. The experimental design is discussed further in the Supplementary Appendix. Our procedures were approved
by the Columbia University Institutional Review Board, under protocol IRB-AAAQ2255.
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Figure 2
The probability of choosing the risky lottery, plotted as a function of the risky payoff X (data pooled from all 20
subjects). (a) The probability plotted as a function of X, for each of the different values of C (indicated by darkness of
lines). (b) The same figure, but plotted against logX for each value of C.

of C. This allowed us to test whether the probability of choosing the lottery would be the same
when the same value of X/C recurred with different absolute magnitudes for X and C.
3.1. Testing scale-invariance
Figure 2 shows how the frequency with which our subjects chose the risky lottery varied with the
monetary amount X that was offered in the event that the gamble paid off, for each of the five
different values of C.16 (For this first analysis, we pool the data from all 20 subjects.) Each data
point in the figure (shown by a circle) corresponds to a particular combination (C,X).
In the first panel, the horizontal axis indicates the value of X, while the vertical axis indicates
the frequency of choosing the risky lottery on trials of that kind [Prob(Risky)]. The different
values of C are indicated by different colours of circles, with the darker circles corresponding
to the lower values of C, and the lighter circles the higher values. (The six successively higher
values of C are the ones listed above.) We also fit a sigmoid curve to the points corresponding to
each of the different values of C, where the colour of the curve again identifies the value of C.
Each curve has an equation of the form
Prob(Risky) = (δC +γC logX),

(3.1)

16. The data used to produce this and all subsequent figures, as well as the results reported in the tables, can be
found in Khaw et al. (2020).
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where (z) is again the CDF of the standard normal distribution, and the coefficients (δC ,γC ) are
estimated separately for each value of C so as to maximize the likelihood of the data corresponding
to that value of C. Note that for each value of C, we obtain a sigmoid curve similar to the one
in Figure 1, though the fit is less perfect (at least partly because here, unlike in Figure 1, we are
pooling the data from 20 different subjects).
The similarity of the curves obtained for different values of C can be seen more clearly if we
plot them as a function of logX, rather than on a scale that is linear in X, as shown in the second
panel of Figure 2. (The colour coding of the curves corresponding to different values of C is again
the same.) The individual curves now resemble horizontal shifts of one another. The elasticity γC
is similar for each of the values of C (with the exception of the highest value, C = $31.40), and the
value of logX required
√ for indifference increases by a similar amount each time C is multiplied
by another factor of 2.
These observations are exactly what we should expect, according to our logarithmic coding
model. Condition (2.5) implies that a relationship of the form
(3.2)

should hold for all values of C, meaning that in equation (3.1), γC should be the same for each
value of C, and that the value of logX required for indifference should equal a constant plus logC.
We can see more clearly the extent to which these precise predictions hold by plotting the curves
in Figure 2(b) as functions of log(X/C), rather than as functions of logX; this is done in the first
panel of Figure 3. The six different curves come close to falling on top of one another, as predicted
by the model (although, again, the curve for C = $31.40 is somewhat out of line with the others).
If we instead simply estimate parameters (δ,γ ) to maximize the likelihood of the pooled data
under the model (3.2), we obtain the single choice curve shown in the second panel of Figure 3.
This fits the data for the different values of X/C slightly worse than the individual choice curves
shown in the previous panel but not by much. (The maximum-likelihood parameter estimates
for the different choice curves, and the associated likelihoods, are reported in the Supplementary
Appendix.)
We can consider quantitatively the extent to which our data are more consistent with the more
flexible model (3.1) than with the more restrictive predictions of (3.2), in two different ways.
First, we consider the in-sample fit of the two models by selecting a subset of our observations
(the “calibration dataset”), and find the parameter estimates for each model that maximize
the likelihood of this dataset. The column labelled LL calibration in Table 1 reports the average
maximized value of the log-likelihood of the data in the calibration dataset, when it is chosen
in each of four different ways. We use a “four-fold cross-validation” approach, in which the
complete dataset is divided into four parts, each containing exactly 1/4 of the observations, and
the model parameters are estimated four different times; each time, one of the four parts of the
data is held out to be the “validation dataset,” and the other three parts are used as the “calibration
dataset.” Thus in the overall exercise, each observation is used equally many times as part of the
calibration dataset as every other. The figures in Table 1 report the average values of the statistics
obtained in the four different estimations. With regard to in-sample fit, of course, LL calibration is
higher for the more flexible model, since (3.2) is nested within this class of models as a special
case.
A more relevant comparison between the in-sample fits of the two models is given by the Bayes
information criterion (BIC) statistic, also reported in the table for each model, which penalizes
the use of additional free parameters. This is defined as BIC ≡ −2LL + k logNobs , where k is the
number of free parameters (adjusted to maximize the likelihood) for a given model, and Nobs is
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Figure 3
The same data as in Figure 2, now plotted as a function of logX/C. (a) A separate choice curve estimated for each value
of C, as in Figure 2. (b) A single choice curve, with parameters estimated to maximize the likelihood of the pooled data.

TABLE 1
In-sample and out-of-sample measures of goodness of fit compared for the scale-invariant model (our logarithmic
coding model) and an unrestricted statistical model in which a separate choice curve is estimated for each value of C.
In the top panel, each model is fit to the pooled data from all 20 subjects. In the bottom panel, separate model
parameters are fit to the data for each subject. (See text for further explanation.)
Model

LL calibration

Scale-invariant
Unrestricted

−2,812.7
−2,794.9

Scale-invariant
Unrestricted

−1,853.4
−1,556.1

BIC

LL validation

log K

5,642.9
5,672.5

−940.0
−938.1

0.0
12.9

3,932.6
3,962.2

−677.5
−2,214.8

0.0
1,552.1

Pooled data

Pooled data

the number of observations in the calibration dataset.17 The data provide more evidence in favour
of the model with the lower BIC statistic. In particular, for any two models M1 and M2 , the
Bayes factor K defined by
logK1 =

1
[BIC(M2 )−BIC(M1 )]
2

17. Again, the BIC statistics reported in the table are actually the average values of the four BIC statistics obtained
for the four different choices of calibration dataset. And as elsewhere in the article, “log” refers to the natural logarithm.
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is the multiplicative factor by which the relative posterior probability that M1 rather than M2 is
the correct model of the data is increased by the observations in the calibration dataset. (See, for
example, Burnham and Anderson (2002), p. 303.)
We can also compare the out-of-sample fit of the two models, by reserving some of our
observations (the “validation dataset”), and not using them to estimate the model parameters.
The column labelled LL validation in Table 1 then reports the average log-likelihood of the data in
the validation dataset under each model, when the parameter values are used that were estimated
using the calibration dataset. If we update the posterior probabilities that the two models M1
and M2 are correct after observing the validation dataset as well, we obtain a composite Bayes
factor K = K1 ·K2 , where
logK2 = LL validation (M1 ) − LL validation (M2 )
by Bayes’ Rule. The logarithm of the composite Bayes factor K is reported in the final column of
the table, as an overall summary of the degree to which the data provide support for each model,
averaged across four different ways of choosing the validation dataset. (In each case, M1 is the
scale-invariant model, while M2 is the alternative model considered on that line of the table; thus
values K > 1 indicate the degree to which the data provide more support for the scale-invariant
model than for the alternative.)
In Table 1, we compare two models: our scale-invariant model (3.2) and the unrestricted
alternative in which a separate probit model (3.1) is estimated for each of the six values of C, as
in Figure 2.18 In the case of the scale-invariant model, Nobs is the total number of
observations in the calibration dataset, pooling the data for all six values of C, and there are
k = 2 free parameters in the single model fit to all of these data. In the case of the unrestricted
model, a separate probit model (each with k = 2 free parameters) is estimated for each value of C,
and a BIC statistic is computed for that model (where Nobs is the number of observations in the
calibration dataset with that value of C); the BIC reported in the “Unrestricted” row of the table
is then the sum of the BIC statistics for these six independent probit models, just as LL calibration
is the sum of the log likelihoods for the six models. (More precisely, the table shows the average
value of this sum of BIC statistics, for each of the four different “folds” of the data.) In the top
panel of the table, the two models are compared when a common set of parameters is used to fit
the pooled data from all 20 subjects, as in Figures 2 and 3. In the lower panel, instead, individual
model parameters are estimated for each subject, and the statistics reported are sums over all
subjects of the corresponding model fit statistics for each subject.
Whether we assume a common set of parameters or subject-specific parameters, we see that
the BIC statistic is lower for the scale-invariant model. This means that while the unrestricted
model achieves a higher likelihood (necessarily), the data are not fit enough better to justify the
use of so many additional free parameters; thus based on the calibration dataset alone, we would
have a Bayes factor K1 > 1, meaning an increase in the relative posterior probability of the scaleinvariant model (compared to whatever relative probability was assigned to that model in one’s
prior). When we then consider out-of-sample fit of the two models, if we assume a common set of
parameters for all 20 subjects, the out-of-sample fit is slightly better for the unrestricted model.
However, the fit is only modestly better, and when one takes into account both the in-sample

18. Note that the scale-invariant model and unrestricted alternative referred to in Table 1 do not correspond precisely
to the predictions shown in Figures 2 and 3, since in Figures 2 and 3 the parameters of both models are fit to our entire
dataset, while in Table 1 the parameters are estimated using only a subset of the data.
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Figure 4
In-sample and out-of-sample model comparison statistics, for each of the 20 individual subjects, when separate
parameters are estimated for each subject. (See explanation in text.)

and out-of-sample fit of the two models, we obtain an overall Bayes factor K > 400,000, greatly
increasing the relatively probability of the scale-invariant model.19
If we instead fit separate parameters for each subject, then as shown in the bottom panel
of Table 1, the aggregate evidence provides more support for the scale-invariant model both
in-sample and out-of-sample. In this case, the overall Bayes factor is greater than 10674 . Thus,
if we assume that either the scale-invariant model or the more flexible alternative must be the
correct model for all subjects (though the parameters may differ across subjects), the evidence is
overwhelming in favour of the scale-invariance hypothesis.
In fact, the scale-invariant model fits reasonably well for most of the subjects considered
individually. Figure 4 shows a scatter plot of the values of the BIC difference, and the overall
Bayes factor K, for each individual subject, when separate choice curves are estimated for each
subject. Here, each open dot corresponds to one subject. The vertical axis plots the amount by
which the BIC statistic for the unrestricted model is greater than the one for the scale-invariant
model (BIC), divided by N, the number of trials for that subject, in order to obtain a measure that
is more comparable across subjects. The horizontal axis plots the value of logK, again divided by
N. (In both cases, the values plotted for each subject are the average of the values obtained for the
four different “folds” of the data.) The dashed line identifies points at which logK = (1/2)BIC,
which is to say, points at which there is no difference in LL valuation between the two models.
Points to the right of the dashed line are thus those for which LL valuation is higher for the scaleinvariant model than for the unrestricted model. We see that the overall Bayes factor favours the
scale-invariant model for all but one of the subjects (subject 14). Moreover, the scale-invariant
model fits better (or approximately as well) out-of-sample in the case of all of those nine subjects;
19. Moreover, the slight inferiority of the scale-invariant model with regard to out-of-sample fit is due primarily to
the data for a single subject (subject 9), whose choice curves do not satisfy scale-invariance, as shown in the Supplementary
Appendix. If we fit a single set of parameters to the pooled data for all subjects except subject 9, the scale-invariant model
fits better both in-sample and out-of-sample.
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while it is favoured in-sample by the BIC criterion for 15 out of 20 (only fitting substantially
worse in-sample for subject 9).
Garcia et al. (2018) and Frydman and Jin (2019) repeat versions of our experiment, and
similarly find near scale-invariance of the choice curves associated with different values of C,
though they do not report statistical tests of scale invariance like those above. See, for example,
the bottom panel of Figure B2 in Frydman and Jin.
Despite this degree of support for our model’s prediction, our data are nonetheless not perfectly
scale-invariant. We see in Figure 3 that the estimated choice curve (using pooled data) in the case
C = $31.40 is not a perfect horizontal translation of the others, but instead is somewhat flatter.20
This may indicate inaccuracy of the assumption of a log-normal prior (2.3), used in our theoretical
calculations above for convenience. Under the assumption of a log-normal prior, logE[X|rx ] is
a linearly increasing function of rx , with constant slope β. But if people instead form correct
inferences based on a prior under which monetary payments greater than $50 are less likely
than a log-normal prior would allow, then logE[X|rx ] would increase less rapidly with further
increases in rx , for values of rx above log50. This would result in a frequent failure to recognize
how attractive the risky lottery truly is when X exceeds $50, and hence less frequent acceptance
of the risky lottery in such cases than the scale-invariant model would predict, as can be observed
in Figure 2. (We leave for future work more detailed consideration of the extent to which our
data may be better explained by a more subtle account of subjects’ prior beliefs, or by a model
of noisy coding that is not exactly logarithmic.)
Holt and Laury (2002) also obtain nearly perfect scale-invariant choice curves (see their
Figure 1), when the amounts offered in hypothetical gambles are scaled up by a factor as large
as 90 times those used in their small-stakes gambles. They find, however, that their subjects’
apparent degree of risk aversion increases when the scale of the gambles is increased, in the case
of gambles for real money (their Figure 2). It is unclear whether this difference from our results
(which also involve real money) reflects a difference in the kind of gambles presented to their
subjects, or the fact that their large gambles involved greater amounts of money than even our
largest gambles (hundreds of dollars rather than mere tens of dollars).21 Further studies would be
desirable to clarify this.
Comparison with random expected utility models

As noted in the introduction, both the random variation in subjects’ choices between simple
gambles and existence of small-stakes risk aversion are often explained, in the experimental
economics literature, by positing (i) “narrow bracketing” of the choice problem, so that the small
amounts that can be gained in the experiment are not integrated with the subject’s overall wealth
(or overall lifetime budget constraint), (ii) significant concavity of the utility function that is used
to value different possible monetary gains in the experiment, and (iii) a random term in the utility
function, so that the expected utility assigned to a given probability distribution over possible
gains is not always the same. We have offered an alternative model of both the randomness

20. Note however that this curve is also less well estimated than the others shown in the figure, as a number of
our subjects were not presented with trials including values of C this large, so that the Nobs for this case is smaller, as
indicated in Table 3 in the Supplementary Appendix.
21. Note that it is perfectly consistent with our model to suppose that diminishing marginal utility of wealth becomes
an additional source of risk aversion in the case of large gambles, as we would expect to be the case. It should also be
noted that our model implies scale-invariance under the assumption that the DM’s prior should be the same on the trials
with different values of C; this makes sense in the context of our experiment (where trials with different values of C are
randomly interleaved), but less obviously so in the experiments of Holt and Laury.
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Model

LL calibration

BIC

LL validation

log K

−940.0
−1,001.8
−993.5

0.0
246.3
214.1

−677.5
−763.2
−688.0

0.0
192.3
60.7

Pooled data

Log coding
ARUM-Probit
ARUM-Logit
Log coding
ARUM-Probit
ARUM-Logit

−2,812.7
5,642.9
−2,997.3
6,012.0
−2,973.4
5,964.2
Heterogeneous parameters
−1,853.4
3,932.6
−1,960.0
4,145.8
−1,903.7
4,033.1
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TABLE 2
In-sample and out-of-sample measures of goodness of fit for three models: our logarithmic coding model and two
additive random-utility models. The format is the same as in Table 1. (See text for further explanation.)

and the degree of apparent risk aversion in the choices of our subjects that we regard as more
theoretically parsimonious, and in our view this theoretical parsimony should be a reason to prefer
our interpretation, even if the competing views were equally consistent with the data from a single
experiment such as this one. Nonetheless, it is interesting to ask whether our data could not be
equally well explained by a more familiar model.
Table 2 compares the fit of our model with two variants of an additive random-utility model
(ARUM). In the case of each of the ARUMs, the subject is assumed to choose the option for which
E[u(Y )]+ is larger, where Y is the monetary amount gained from the experiment (a random
quantity, in the case of a risky prospect), u(Y ) is a non-linear utility function for such gains (valued
separately from the subject’s other wealth), and is a random term (drawn at the time of choice)
that is independent of the characteristics of the option, and also independent of the corresponding
random term in the value assigned to the other option. In the ARUMs considered in the table,
u(Y ) is assumed to be of the constant relative risk aversion (CRRA) form, u(Y ) = Y 1−γ /(1−γ ),
for some γ ≥ 0. The random term is assumed either to be normally distributed (the ARUMProbit model), or to have an extreme-value distribution (the ARUM-Logit model). Thus each of
the ARUMs has two free parameters (the coefficient of relative risk aversion γ and the standard
deviation of ), like the logarithmic coding model.
As in the case of Table 1, we consider both in-sample and out-of-sample measures of model
fit, where the calibration dataset and validation dataset are the same as in the earlier table. In each
case, we find that our model based on logarithmic coding provides a better fit to the experimental
data, both in-sample and out-of-sample. The alternative model which comes closest to being a
competitor is the ARUM-logit model, when separate parameters are estimated for each subject.
Yet even in this case, the implied Bayes factor K > 1026 . If one of the models considered must
represent the correct statistical model of our data, then the evidence overwhelmingly favours the
model based on logarithmic coding.
In the Supplementary Appendix, we report similar statistics for additional variants. Allowing
U(Y ) to belong to the more general class of hyperbolic absolute risk aversion (HARA) utility
functions does not improve the fit of the ARUMs, once the penalty for the additional free parameter
is taken into account. We also consider an alternative model of stochastic choice proposed by
Apesteguia and Ballester (2018), based on EUM with a random parameter in the utility function,
and show that this formulation does not better explain our data, either. The ARUMs above can also
be considered random variants of prospect theory, in which u(Y ) is the Kahneman–Tversky value
function for gains, but we use the true probabilities of the two outcomes as weights rather than
distorted weights of the kind posited by Kahneman and Tversky (1979). In the Supplementary
Appendix, we show that allowing for a probability weight different from the true probability does
not improve the fit of the random version of prospect theory, once the penalty for the additional
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free parameter is taken into account. Thus our model compares well with many of the most
frequently used empirical specifications.22

4. FURTHER IMPLICATIONS OF THE THEORY
We have shown that it is possible to give a single unified explanation for the observed randomness
in choices by subjects evaluating risky income prospects on the one hand, and the apparent risk
aversion that they display on average on the other, as natural consequences of people’s intuitions
about the value of gambles being based on imprecise internal representations of the monetary
amounts that are offered. Our theory explains the possibility of small-stakes risk aversion without
implying any extraordinary degree of aversion to larger gambles in other contexts. Moreover, it
can also explain the fact (demonstrated in our experiment) that the degree of risk aversion, as
measured by the percentage by which the expected value of a random payoff must exceed the
certain payoff in order for a subject to be indifferent between them, is relatively independent of
the size of the stakes (as long as these remain small), contrary to what should be found if risk
aversion were due to diminishing marginal utility.
We have argued in the introduction that we find this theory particularly compelling on account
of its parsimony: the introduction of a new parameter (the parameter ν indicating the degree of
imprecision of a subject’s internal representation of monetary amounts) in order to account for
the degree of randomness of a subject’s choices also immediately implies their apparent degree
of risk aversion, rather than this being controlled by a separate parameter. Moreover, the same
basic theory (that intuitive judgments are made in accordance with an optimal decision rule,
subject to their having to be based on noisy internal representations of the decision problem)
has implications for a number of other types of decision problems, beyond the simple type of
experiment considered in Sections 2 and 3. In particular, our model can also account for a number
of other anomalous features of subjects’ choices with regard to small gambles that are documented
by Kahneman and Tversky (1979) and Tversky and Kahneman (1992).
The “reﬂection effect.” Kahneman and Tversky report that if subjects must choose between
a risky loss and a certain loss—with similar probabilities and monetary quantities as in the
kind of problem considered above, but with the signs of the monetary payoffs reversed—risk
seeking is observed more often than risk aversion (something they call the “reflection effect”). The
coexistence of both risk-averse choices and risk-seeking choices by the same subject, depending
on the nature of the small gambles that are offered, is a particular puzzle for the EUM account of
risk attitudes, since a subject should be either risk averse or risk seeking (depending whether the
subject’s utility of wealth is concave or convex) regardless of the sign of the gambles offered.
The explanation of risk aversion for small gambles offered here instead naturally implies that
the sign of the bias (i.e., of the apparent risk attitude) should switch if the signs of the monetary
payoffs are switched. Consider instead the case of a choice between a risky gamble that offers a
probability p of losing an amount X (but losing nothing otherwise), and the option of a certain
loss of an amount C. If we assume that the quantities X and C are mentally represented according
to the same logarithmic coding model as above, regardless of whether they represent gains or
losses, then in the case of losses, the subject’s expected wealth is maximized by a rule under

22. In the Supplementary Appendix, we also discuss the degree to which our data are consistent with random
versions of the model proposed by Bordalo et al. (2012), in which risk attitudes result from differences in the salience of
alternative outcomes. The consistency of such a model with our data depends greatly on the way in which the qualitative
and deterministic model in their paper is made quantitative and stochastic.

[16:24 17/9/2020 OP-REST200037.tex]

RESTUD: The Review of Economic Studies

Page: 23

1–35

Copyedited by: ES

MANUSCRIPT CATEGORY:

24

Article

REVIEW OF ECONOMIC STUDIES

which the risky lottery is chosen if and only if
Downloaded from https://academic.oup.com/restud/advance-article/doi/10.1093/restud/rdaa044/5880002 by Columbia University user on 22 April 2021

p·E[X|rx ] < E[C|rc ],

(4.1)

reversing the sign in (2.2).
The set of internal representations (rx ,rc ) for which this holds will be the complement of the
set discussed earlier, so that the model predicts


β −1 logp−1 −logX/C
Prob[accept risky|X,C] = 
.
(4.2)
√
2ν
Indifference again will require pX > C, but this will now count as risk-seeking behaviour; when
pX = C, the risky loss should be chosen more often than not.
This explanation for the “reflection effect” is not fundamentally different from those of
Kahneman and Tversky (1979) or Bordalo et al. (2012), who attribute it to the fact that diminishing
marginal sensitivity exists for losses as well as for gains. The additional insight offered by our
model is its provision of a further account of the origin of diminishing marginal sensitivity, and
in particular, the demonstration that it is consistent with a hypothesis that subjects’ responses
maximize the utility that subjects obtain (on average) from the use of their total monetary wealth,
without any assumption of an intrinsic concern with gains or losses.
A framing effect. Kahneman and Tversky (1979) further show that subjects’ preferences
between a risky and a safe outcome can be flipped, depending whether the options are presented
as involving gains or losses. In one of their problems, subjects are asked to imagine being given
a substantial monetary amount 2M, and then being presented with a choice between (a) winning
an additional M with certainty, or (b) a gamble with a 50% chance of winning another 2M and a
50% chance of winning nothing. In a second problem, the initial amount was instead 4M, and the
subsequent choice was between (a) losing M with certainty, and (b) a gamble with a 50% chance
of losing 2M and a 50% chance of losing nothing.
These two problems are equivalent, in the sense that in each case the subject chooses between
(a) ending up with 3M more than their initial wealth with certainty, or (b) a gamble under which
they have an equal chance of ending up with 2M or 4M more than their initial wealth. Nonetheless,
a substantial majority of their subjects chose (a) in the first problem, while a substantial majority
chose (b) in the second. This contradicts any theory (not just EUM) under which people should
have a consistent preference ranking of probability distributions over final wealth levels.
Our theory easily explains this finding. If the initial gift is denoted G, and the monetary
amounts G,X, and C defining the decision problem must each be independently represented in
the fashion postulated above, then in the first problem, an expected wealth-maximizing decision
rule will choose (b) if and only if
E[G|rg ] + p·E[X|rx ] > E[G|rg ] + E[C|rc ],
which is equivalent to (2.2), while in the second problem it will choose (b) if and only if
E[G|rg ] − p·E[X|rx ] > E[G|rg ] − E[C|rc ],
which is equivalent to (4.1). We then get different probabilities of choosing (b) in the two cases,
given by equations (2.5) and (4.2), respectively.
Note that our theory assumes that the decision rule is in all cases the one that maximizes
expected final wealth, so that only the sum of the initial gift and the additional gain or loss from
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the further option is assumed to matter to the decision maker; there is no intrinsic interest assumed
in gains or losses relative to what one had in the past or what one expected to have. The relevance
of the sequence of gains and losses by which one arrives at a given final wealth comes not from
the decision maker’s assumed objective, but from the need to mentally represent the quantities
used in the description of the options, in the form in which they are presented, before integrating
the separate pieces of information in further calculations. If this representation were possible
with infinite precision (and subsequent operations could also be perfectly precise), then different
ways of presenting information that imply the same possible final wealth levels would indeed
be equivalent, and lead to the same choices. But when the precision with which each monetary
amount can be represented is limited, mathematically equivalent problems are not processed in
identical ways, and the resulting behaviour can be different as a result, despite its optimality in
each case (conditional on the mental representation).
Loss aversion. In the discussion above, we assume that the unsigned magnitudes of monetary
losses are encoded and decoded in exactly the same way as the magnitudes of monetary gains.
While this leads to an especially parsimonious mathematical specification, the logic of our theory
does not require us to assume this. In particular, the model should only be symmetric in the way
that losses as opposed to gains are treated if the prior distribution from which potential losses
are drawn is assumed to be the same as the prior distribution for potential gains; yet it is hardly
obvious that this is true. If we assume that both gains and losses are log-normally distributed,
but with different parameterizations of the two priors, then the theory developed above can be
generalized (as shown in the Supplementary Appendix) to one in which the biases in the average
subjective valuations of losses differ in size from those in the case of subjective valuations of
gains. In particular, parameterizations of the model are possible in which it predicts that subjects
should exhibit “loss aversion” of the kind also posited by prospect theory. For example, in order
for subjects to be indifferent between accepting and rejecting a gamble that offers an equal chance
of a gain of size G and a loss of size L, it may be necessary for the ratio G/L to be well above 1,
as found by Tversky and Kahneman (1992).
As shown in the Supplementary Appendix, the parametric assumptions about the respective
prior distributions for gains and losses required for this to be true are consistent with the
assumptions needed to obtain the predictions regarding choices between risky gains and certain
gains that we test above, as well as those needed to obtain the predictions regarding choices
between risky losses and certain losses that we have just discussed. Whether the assumptions
regarding priors that would be needed are also reasonable ones for settings such as the experiment
reported by Tversky and Kahneman is a topic that deserves further elaboration in future studies.
Imprecise representation of probabilities. Tversky and Kahneman (1992) document other
respects in which subjects make both risk-averse choices and risk-seeking choices with respect to
small gambles, depending of the nature of the problem. For example, their subjects are more often
risk-seeking when choosing between a small certain gain and a small probability of a considerably
larger gain; but they are more often risk-averse when choosing between a modest certain loss and a
small probability of a considerably larger loss. Prospect theory explains such cases by postulating
that in the case of a risky prospect, the values assigned to the various possible gains or losses are
weighted not in proportion to each outcome’s probability of occurrence (as required by EUM),
but rather using weights that represent a non-linear transformation of the true probabilities.23
Choices of this kind are consistent with our model, if the model is generalized to assume (in
the case of simple gambles of the kind discussed above) that the probability p of the non-zero
23. Prelec (1998) and Gonzalez and Wu (1999) provide important further discussions of the properties that such a
non-linear transformation should satisfy.
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outcome also has an internal representation rp that is probabilistic. In the analysis above, we have
assumed for simplicity that the exact value of p is available as an input to the decision rule. This
is not inconsistent with our general view of the internal representation of numerical information;
for in the situation considered in our theoretical model (and in our experiment), there is a single
value of p that is used in all trials (though X and C vary from trial to trial). Thus, if we assume
that the prior for which the subject’s decision rule has been optimized represents the distribution
of possible decision situations in this speciﬁc experiment, the prior (in this type of experiment)
would allow for only a single value of p—and the Bayesian posterior would similarly have this
single value of p in its support, regardless of the noisy representation rp .
Nonetheless, it is clearly of interest to consider the case in which the prior is non-degenerate
(either because p varies from trial to trial, or because the decision maker has not had enough
experience with a particular context for her decision rule to be adapted to the precise statistics of
that context). Let us again assume for simplicity that under the prior, the quantities p,X, and C are
distributed independently of one another; that the distribution of the representation rp depends
only on p (not on the values of X or C), and that the conditional distribution of rp is independent
of the realizations of rx or rc ; and similarly for the other components of the internal representation
r. Then condition (2.2) for an optimal decision rule takes the more general form
E[p|rp ]·E[X|rx ] > E[C|rc ],
or alternatively (given the model proposed above for the noisy coding of monetary amounts),
rx −rc > β −1 ρ,

ρ ≡ −logE[p|rp ],

(4.3)

generalizing (2.4). Here, ρ is a random variable (because it depends on the realization of rp ),
conditional on the true probability p.
This generalization of the decision rule (2.2) results in an additional source of randomness
in choice (namely, random variation in ρ); but in general, it also results in an additional source
of bias (because ρ also differs from logp on average). As a simple example, suppose that the
noise in the internal coding of X and C is negligible (ν is extremely small), but that the internal
representation rp is drawn from a distribution
rp ∼ N(z(p),νp2 ),
where z(p) ≡ log(p/1−p) are the log odds of the two outcomes, and νp is non-negligible. Suppose
furthermore that the log odds are normally distributed under the prior,
z(p) ∼ N(μp ,σp2 ).
Then the posterior log odds, conditional on the representation rp , are also normally distributed,
with a mean m̄(rp ) that is a weighted average of rp and the prior mean log odds, and a variance
σ̄ 2 that is independent of rp .
In this case, (4.3) requires that the value of log(X/C) required for indifference (acceptance of
the gamble exactly half the time) will be equal to the median value of ρ, which (given that rp has
a symmetric distribution) is the value of ρ when rp is equal to the true log odds. Alternatively,
the value of the ratio C/X required for indifference is given by a function w(p), where
w(p) ≡ E[F(z(p), )],

F(z, ) ≡

exp[m̄(z)+ ]
,
1+exp[m̄(z)+ ]

and is a random variable distributed N(0, σ̄ 2 ). This function plays a role similar to the probability
weighting function of Kahneman and Tversky (1979). And as long as the variance σ̄ 2 is not too
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great, the model implies that w(p) will have the inverse-S shape assumed by Kahneman and
Tversky.
Both Tversky and Kahneman (1992) and Gonzalez and Wu (1999) argue that this shape for
the probability weighting function can be understood as another example of diminishing marginal
sensitivity—in this case, diminishing with distance from either of the two extreme probabilities
0 and 1. Our model shows more precisely how the same principle (noisy coding combined with
Bayesian inference from the noisy internal representation) naturally gives rise to diminishing
marginal sensitivity to larger monetary gains or losses and to effectively non-linear probability
weighting.
In particular, if we fix the ratio νp /σp but make both σp and νp small, then in the limit as
σp ,νp → 0, we obtain an analytical solution of the form
(4.4)

for certain coefficients α > 0,0 < β < 1, which depend on the ratio νp /σp and the prior mean log
odds μp . (See the Supplementary Appendix for details.) This function has the inverse-S shape
assumed by Kahneman and Tversky; indeed, the two-parameter family of weighting functions
(4.4) has often been assumed in econometric implementations of prospect theory.24
In this case, the model predicts risk-seeking in the case of gains for low values of p, but
risk-aversion for larger values of p, and risk-aversion in the case of losses for low values of
p, but risk-seeking for larger values of p, all as found by Kahneman and Tversky (1979). The
model is also consistent with the occurrence of Allais-type paradoxes, as discussed further in the
Supplementary Appendix.
5. EVIDENCE OF A CONNECTION BETWEEN RISK AVERSION AND
COGNITIVE IMPRECISION
Thus far, we have argued that our theory offers a unified explanation of a wide range of phenomena
that are not only well-documented, but that, in previous accounts, have required a number of
seemingly unrelated features to be added to a descriptive model of choice behaviour. However,
we have discussed only phenomena that are also predicted by a variety of already existing models
of choice under risk. A further virtue of our theory is that it also leads to a variety of predictions
that would not be predicted by other accounts, that do not tie risk attitudes with respect to small
gambles to cognitive imprecision.
Implications of heterogeneity in cognitive precision. We have shown above (Tables 1 and 2)
that our experimental data are better fit by allowing the parameters of the scale-invariant
psychometric function to vary across subjects. There is an obvious reason, in the context of
our theory, for the choice curves of different subjects to be different: there is no reason to suppose
that the parameter ν, indicating the degree of imprecision of internal representations of monetary
amounts, is the same for all people. However, our theory implies that increasing ν should both
increase the randomness of the subject’s choices and imply greater apparent risk-aversion, as
measured by the value of X/C required for indifference. To the extent that variation in this single
factor is the main reason for differences in the behaviour observed for different subjects, we should
expect to see a positive correlation between randomness of choice and degree of risk aversion.
24. Stott (2006) calls this family of weighting functions the “Goldstein-Einhorn” specification, and reviews the
various authors (including some prior to the work of Kahneman and Tversky) who have proposed versions of it.
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We can test this prediction by further examining the variation in behaviour across subjects.
We focus here on the scale-invariant model, which as argued above is best supported by our data,
and estimate a scale-invariant choice curve for each of the 19 subjects other than subject 9. (We
omit subject 9 from the discussion in this section, since as shown in Figure 4, this subject’s data
are not well-described by a scale-invariant model.) Our theoretical model implies not only that a
scale-invariant curve (3.2) should describe each subject’s data, but also that the coefficients for
each subject should satisfy the inequalities
(5.1)

which are required in order for there to exist values of σ 2 and ν 2 consistent with those coefficients.
Hence in estimating the subject-specific models, we impose the further restriction that the value
of γ be non-negative.25
In comparing the choice curves of the different subjects, it is useful to parameterize them not
by γ and δ, but instead by the values of γ and
π ≡ eδ/γ .
In terms of this alternative parameterization, the theoretical constraints (5.1) can be written:
γ ≥ 0,

π ≤ p.

(5.2)

Note that when δ/γ ≤ 0 (as required by our theoretical model), 0 ≤ π ≤ 1, and π has the
interpretation of a “risk-neutral probability”: the subject’s indifference point is the same as that
of a risk-neutral, optimizing decision maker who believes that the probability of the non-zero
lottery payoff is π (rather than the true probability p). The prediction that π ≤ p is another way
of saying that our theoretical model predicts apparent risk aversion; and the degree to which a
subject’s estimated π is less than p provides a simple measure of the degree of apparent risk
aversion.
Figure 5 shows the estimated values of γ and π for each of the 19 subjects for whom it is
not grossly inaccurate to estimate a scale-invariant choice curve (now imposing the theoretical
constraint that γ ≥ 0). For each subject, an open circle indicates the parameter values that maximize
the likelihood of the data for that subject (the maximum likelihood (ML) estimate), and the
surrounding shaded region indicates the set of parameter values for which the log likelihood of
the data is no more than 2 points lower than at the maximum. Thus the shaded region indicates a
Bayesian credible region for the parameter estimates, under the assumption of a uniform prior for
those parameters. The boundary of each maximum-posterior density credible region is chosen
according to a criterion which, in the case of a Gaussian posterior for a single variable, would
report the interval corresponding to the mean estimate plus or minus two standard deviations.
The largest value of π that would be consistent with prediction (5.2) is indicated by the
horizontal dotted line in Figure 5; we see that for all but one of the 19 subjects, the credible region
includes points consistent with this prediction. Thus, the individual choice curves of 18 out of
our 20 subjects are reasonably consistent with both the model prediction of scale invariance and
with the coefficient constraints (5.2).
25. For all but one subject, the estimated value of γ would be positive, even without imposing the restriction, and
even for that one, the value of γ is only slightly negative; we presume that this estimate reflects sampling error, and treat
this subject as having a γ of zero.
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Figure 5
Heterogeneity in subjects’ choice curves. Each shaded region indicates the credible region for an individual subject’s
parameters γ and π , with an open circle at that subject’s maximum-likelihood values. The dashed line shows the
theoretical relationship between γ and π that should exist if all subjects share a common prior, under which σ = 0.35.

If we further assume a common log-normal prior (2.3) for all subjects, but allow the precision
of mental coding of monetary amounts (i.e. the parameter ν 2 ) to vary across subjects, then the
values of γ and π estimated for each subject are predicted by the model to be linked by a
relationship of the form
2 2 −1
π = p1+(2σ γ ) ,

(5.3)

where σ 2 is a parameter common to all subjects. This is an upward-sloping relationship, of the
kind illustrated by the dashed curve in Figure 5, which graphs equation (5.3) in the case that
σ = 0.35. Here, ν 2 is decreasing (the precision of mental coding is increasing) as one moves up
and to the right along the dashed curve.
If we estimate a choice curve for each subject without imposing the restriction of a common σ 2 ,
the estimated coefficients do not all line up perfectly on a curve consistent with (5.3); nonetheless,
there is a strong positive correlation between the ML estimates of γ and π for the various subjects,
as can be seen in Figure 5. That is, the degree of apparent risk aversion (measured by the degree
to which π is less than p) is generally greater for those subjects whose choices are less sensitive to
variation in X/C (measured by the size of γ ). The fact that these two features of behaviour go hand
in hand is consistent with our theory. Models such as EUM or prospect theory, extended to allow
for stochastic choice as in Section 3.2, instead provide no reason to expect such a relationship,
since in these theories the degree of randomness of choice and the degree of risk aversion are
determined by independent parameters.
The predictions of our theory will be more flexible—and arguably more consistent with our
experimental data—if we allow different subjects to have different priors (more specifically,
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different values for σ 2 ). This might reflect imperfect learning of the prior (not surprising given
the subjects’ finite experience in this environment), in ways that differ across subjects.

Correlation with imprecision in number processing more generally. The positive correlation
shown in Figure 5 is also found in a replication of our study by Garcia et al. (2018). They show
furthermore that both the randomness and the apparent risk aversion in choice under risk can be
predicted by the degree of randomness of the subject’ responses in an independent numerosity
comparison task of the kind discussed in Section 1.1—that is, by the subject-specific value
of ν estimated using equation (1.2). This not only supports the hypothesis that small-stakes
risk aversion results from noisy coding of monetary amounts, but suggests that the cognitive
imprecision involved may be related to imprecision in the internal representation of numerical
magnitudes more generally.
Schley and Peters (2014) also report greater apparent risk aversion in subjects who represent
numbers less precisely in other types of tasks. These authors also offer an explanation for
apparent risk aversion that is based on the idea that the perception of the numerical magnitudes
of prospective monetary payoffs is biased, and more specifically that perceived magnitudes are
an increasing, strictly concave function of the magnitudes. Like us, they base their proposal on
limitations on people’s general ability to accurate represent numbers mentally, rather than on the
true utility obtained from having more money (as in the EUM explanation of risk aversion) or a
theory of distorted valuations that is specific to the domain of value-based decision making (as
with prospect theory). In support of this proposal, they show that subjects who less accurately
represent numbers for other purposes also exhibit greater apparent diminishing marginal utility
of income and greater apparent risk-aversion in choices between risky gambles.
However, their discussion assumes that less capacity for symbolic number mapping results in a
deterministic distortion of perceived numerical magnitudes (a true quantity X is always perceived
as exactly X̂ = AX β ), rather than in a more random mental representation as in our theory. This
means that they do not explore the connection between the randomness of subjects’ choices and
apparent risk aversion, as Garcia et al. and we do; and their theory provides no explanation for
why people should value lotteries according to the average value of the perceived payoffs X̂i
1/β
instead of, say, according to the average value of X̂i —a criterion that would reliably maximize
expected wealth, taking into account the perceptual distortion.

Effects of varying cognitive load. Thus far, we have discussed implications of our model, taking
the precision of coding (parameterized by ν) to be fixed. But the model also makes predictions
about the effects of varying ν, which might be subject to predictable variation for a variety
of reasons. For example, one might well suppose that increased time pressure, distraction, or
cognitive load should reduce the cognitive resources used to represent the monetary magnitudes
that define a particular decision problem, and that this should correspond, in our model, to an
increase in ν. According to our model, this should result in both decreased sensitivity of a subject’s
decisions to variations in the risky payoff X that is offered (i.e. a lower value of γ ) and increased
apparent risk aversion (a value of π that is lower relative to p). This is an example of a prediction
of our theory that is not made by theories like prospect theory, that attribute departures from the
predictions of EUM to (presumably stable) distortions in the way that subjects evaluate monetary
gains or probabilities.
In fact, a number of authors have found that increasing cognitive load (e.g. by requiring subjects
to concurrently maintain a list of random letters or numbers in memory) causes subjects to make
more risk-averse choices (Whitney et al. 2008; Benjamin et al. 2013; Deck and Jahedi 2015;
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Gerhardt et al. 2016).26 This is often interpreted as support for a “dual systems” view of decision
making, in which increased cognitive load makes it harder for subjects to employ a deliberative
system that would be called upon under other circumstances, so that emotional reactions or simpler
heuristics are relied upon instead. Our theory provides an alternative interpretation, in which the
same cognitive mechanism might be employed in both cases, but it relies upon an imprecise
analog representation with a degree of precision that depends on the number of other claims on
working memory. The fact that our subjects display a range of degrees of apparent risk aversion,
as well as a range of degrees of randomness in their choices, as shown in Figure 5—rather than
simply two clusters corresponding to the users of two very different mental systems—is more
easily explained under the theory that we propose.
Effects of varying the range of possible monetary payoffs. Another reason for the parameter
ν to possibly vary across experimental settings is change in the ranges of monetary
payoffs X and C that need to be represented. While we have found that we can account fairly
well for the imprecision in our subjects’ evaluations of the gambles presented to them under the
hypothesis that the coding noise parameter ν is the same on all trials, it remains possible that
the value of ν adapts depending on the prior distribution from which X and C are expected to
be drawn. Frydman and Jin (2019) report an experiment similar to ours, in which however the
parameter σ of the log-normal distributions from which the monetary amounts X and C are drawn
is different in two different blocks of trials. They observe probabilistic dependence of choice on
the payoffs offered on a given trial (as in our Figures 2 and 3), but find that the choice curves are
steeper (when plotted as a function of log(X/C)) in the data from the sessions in which σ was
smaller. They interpret this result as showing that the precision of internal representations of the
monetary payoffs depends on the range of values that the decision maker expects to encounter
in a given context, in a way that allows the brain to make optimal use of a finite capacity for
discriminating between different amounts (“efficient coding”).
Our theory is easily extended to predict such an effect. Suppose that the limit on the
precision of numerical representations comes not from some “hard-wired” system of number
representation (so that the degree of overlap between the distributions of internal representations
of the quantities $28 and $30, say, is independent of the prior distribution from which these
quantities may have been drawn), but from a limit on the information-processing capacity of the
system used to represent analog magnitudes. As a concrete example of such a theory, suppose
that the representation rx of any quantity X is given by an independent draw from a distribution
N(m, ω2 ), where m = φ(X) is a non-linear transformation of the true magnitude. If we assume
that production of representations with this degree of fidelity requires that the variance of the
distribution of values for m be less than some finite upper bound 2 , then the system has a finite
information-theoretic “channel capacity” determined by the ratio /ω — essentially, a measure
of the effective number of distinct cases that can be accurately discriminated. (See Cover and
Thomas, 2006, chap. 9.)
Let us suppose that ω and  are given parameters (reflecting the limited acuity of a person’s
semantic representations of numerical magnitudes), but that the transformation φ(X) is optimized
for a given environment. More specifically, suppose that the transformation is of the form φ(X) =
ξ +ψ logX, with parameters ξ,ψ that are optimized for a given environment (that is, for a given
prior distribution for X). We show in the Supplementary Appendix that if the prior is of the

26. Olschewski et al. 2018 instead find that increased cognitive load increases the randomness of choice, but only
increases risk aversion by a small (statistically insignificant) amount. Their measure of risk aversion, however, is based
on an “ARUM-probit” model that, as shown in Section 3.2, is not consistent with the predictions of our model, and does
not fit our own experimental data as well as the logarithmic coding model.
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form X ∼ N(μ,σ 2 ), then the optimal encoding rule leads to a noisy internal representation of the
kind assumed in section 2, but with a value of ν that varies endogenously with the prior. In fact,
ν = (ω/)σ, so that ν is predicted to grow in proportion to the value of σ. Combining this result
with prediction (2.5) for the probability of acceptance of the risky bet, we see that the model
predicts the effect observed by Frydman and Jin (2019), in which a lower value of σ results in a
steeper choice curve.27
An important implication of both the results of Frydman and Jin, and the studies suggesting
that manipulations of cognitive load can affect apparent risk aversion, is that an aspect of choice
behaviour commonly attributed to preferences—which are usually assumed to remain invariant
across choice situations—may actually be malleable: subject to variation from one situation to
another, and potentially subject to systematic influence by the designer of a choice environment.28
The extent to which this is true should be an important topic for further study.
The theory proposed here (and the experimental results that we report) neither requires that
this be the case, nor precludes it; our main results simply assume a particular model of (and degree
of precision of) noisy coding of numerical information about the choice options, without asking
where it came from, and assume a decision rule that is optimal for a particular prior distribution
over choice situations, without asking how the optimal rule (or the prior relative to which it is
optimal) is learned. But exactly because we seek to ground risk taking in more general features
of cognition rather than appealing to preferences, it is natural to consider how these features of a
given person’s cognitive functioning may be shaped by their experience.29 Extension of the theory
to incorporate learning dynamics and adaptation of internal representations to the statistics of a
given environment should be an important next step in the research agenda.
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