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)

Problem formulation
Consider a continuous-time nonlinear large-scale system ) composed of N interconnected subsystems described by
> valt) = filei(t)] + gilwa()] {walz(D)] + Z [:e-litﬁ]]}m
i=1,2,....N
where

x{(t) € R": state.

The overall state of the large-scale system } is denoted by i = ;j[

N
E'i; ---if’_{f]I € R", where n = E 1n;

1=1

u;[ x{(t) ] € R™: control input vector of the ith subsystem.
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f; : continuous nonlinear internal dynamics function. f; (0)=0. "¢ — "
gil x(t) ] : input gain function "¢ s "=
Zi[ x(t) ] : interconnected term for the ith subsystem.

The ith isolated subsystem
> vai(t) = filzi(®)] + galwa()] {wa ()]}

i=12..N

()

Decentralized control law

Optimal control

Reinforcement Learning and Optimal Control Methods for Uncertain Nonlinear Systems
(https://blogs.cuit.columbia.edu/zp2130/files/2019/03/Reinforcement-Learning-and-Optimal-Control-Methods-for-Uncertain-Nonlinear-
Systems.pdf)

Page 27-29 2.3 Infinite Horizon Optimal Control Problem is the same as Definition 1.
Notation:
x(t) € y CR": state.

u(t) € U7 C ™ : control input.
o= F(x,u) (25)

Cost function for the system Eq. 2-5:
=0
T((t), u(T)zrene) = [ r(a(s). u(s))ds  (26)
S

where t : initial time.

r(x,u) € R:immediate or local cost for the state and control.

rlz,u) = Qz) + u! Ru (27)
where Q(x) € R continuously differentiable and positive definite.

R e R™X™M : positive-definite symmetric matrix.

Optimal value function:
0
V*Hz(t)) = minyrevy), t<re / r{z(s), u[z(s)|}ds (2-8)
I

where
(-] : set of admissible controls.

Bellman’s principle of optimally can be used to derive the following optimality condition

_ _ ooV (x) ., _
0= My (e b(y) \r[.r. u) + ——F(x. u_]] (2-9)
S dx
which is a nonlinear partial differential equation (PDE), also called the HJB equation.
Optimal control: (using convex local cost in Egs. 2-7 and 2-9.)
e 1 OF (. u)T oV*(z)T
u*(z) = —— R ‘ — (2-10)

S 2 oy [);i!f

For the control-affine dynamics of the form
= f(z)+glz)u=Flx,u) 21)
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Eqg. 2-10 -> in terms of the system state

w(z) = —=R 1T ()2 (212)
2 : O

The HJB in Eq. 2-9 can be rewritten in terms of the optimal value function by substituting for the local cost in Eq. 2-7, the system in Eq. 2-11
and the optimal control in Eq. 2-12, as

0 . (o ) AV*(z)
) = minynewny |Tle,u) + ———F e, u)
witieWiy) \ . O
o T AV*{z)
= MMy )e(y) [Q[;E'J +ul Ru + d—:i [f(z) + g(a u]:|
- T e OV ) L L
) (.JLE'J 1 “-' f R”uw " . ( i'_. [}([.E'J L ﬂ[(;EjJ”"]

i

i il

:@mﬂ—[—%ﬁ'wnwﬂf¥i1 R[—if&rmf‘ﬂ“’]—UPL”{fw«—mﬂ[—%H'mnnﬂfﬁiﬁ}

A\ \nvalid Equation

- B
RY =R H_JI:R_J
R:symmetric
. _ 7 A U ) I
0 = minynewy [r[;zf. i) + ¢F[;r. uj}
s dx
N - oV*:(xz) ., .
= My (1) b(y) [Q(;at] +ul Ru + U—U [f(z) + ;;[.afju]]
o e -
. o . OVHz) P
= Q@) +u' TR + - [f(w) + gla)u’]
Crr
o love(z)y o OV V) o 1OVH(x) o, OV ()T
= Q)+ =5, 9@ g ()= + —5 = f(2) — g 9@ R g () —5—
o 1oVH(x) o OVEHE)T OV (z) o 1ovi(x) o V)T
:Ii (;Eil——; K;:‘.IR—J_IK;:.I A e A -(;:-__—; {;:.IR—I_JIK;?~—,-
z) + 7 ——-—g(@z)Rg" (2)—F_ 5y 4 &) 5 9@R g (z)—F
oo oV . 1oV a) | OV
0=0Q(z) + ——~f(z) — ———Lg(x)R g7 (z) ———
o) O ) 1 dz V7 TN T b (2-13)
0= V"0)
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