1/15/25, 5:39 PM Decentralized Stabilization for a Class of Continuous-Time Nonlinear Interconnected Systems Using Online Learning Optimal Control Approach |

Pei (https://blogs.cuit.columbia.edu/zp2130/)

Search

Search

+ Add post (https://blogs.cuit.columbia.edu/zp2130/wp-admin/post-new.php)
Menu

« Reinforcement Learning (https://blogs.cuit.columbia.edu/zp2130/)

Posts (https://blogs.cuit.columbia.edu/zp2130/posts/)

» Resources (https://blogs.cuit.columbia.edu/zp2130/resources/)

Cacti-based Framework (https://blogs.cuit.columbia.edu/zp2130/cacti/)

Publications (https://blogs.cuit.columbia.edu/zp2130/publications/)

Email Address:
zp2130@caa.columbia.edu (mailto:zp2130@caa.columbia.edu)

p@caa.columbia.edu (mailto:p@caa.columbia.edu)

Blog Stats
137,045 hits

State Action/Control
blogs.cuit.columbia.edu/p (https://blogs.cuit.columbia.edu/p/)

Meta

Site Admin (https://blogs.cuit.columbia.edu/zp2130/wp-admin/)

Log out (https://blogs.cuit.columbia.edu/zp2130/wp-login.php?action=logout& wpnonce=e00c291433)
Entries feed (https://blogs.cuit.columbia.edu/zp2130/feed/)

Comments feed (https://blogs.cuit.columbia.edu/zp2130/comments/feed/)

WordPress.org (https://wordpress.org/)

Decentralized Stabilization for a Class of Continuous-Time
Nonlinear Interconnected Systems Using Online Learning
Optimal Control Approach

Decentralized Stabilization for a Class of Continuous-Time Nonlinear Interconnected

Systems Using Online Learning Optimal Control Approach

(http://blogs.cuit.columbia.edu/zp2130/files/2019/02/Decentralized-Stabilization-for-
a-Class-of-Continuous-Time-Nonlinear-Interconnected-Systems-Using-Online-

Learning-Optimal-Control-Approach.pdf)

Neural-network-based Online Learning Optimal Control
Decentralized Control Strategy
1. Cost functions (critic neural networks) — local optimal controllers
2. Feedback gains to the optimal control policies — decentralized control strategy

Optimal Control Problem (Stabilization)

Hamilton-Jacobi-Bellman (HJB) Equations

» Apply Online Policy Iteration Algorithm (construct and train critic neural networks) to solve HJB Equations.

The decentralized control has been a control of choice for large-scale systems because it is computationally efficient to formulate control law

that use only locally available subsystem states or outputs.

Though dynamic programming is a useful technique to solve the optimization and optimal control problems, in may cases, it is computationally

difficult to apply it because of the curse of dimensionality.
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Considering the effectiveness of ADP and reinforcement learning techniques in solving the nonlinear optimal control problem, the
decentralized control approach established is natural and convenient.

Notation

1 =1.2. ... N.:ith subsystem.
xi(t) € K" : state vector of the ith subsystem.
21,2, ... TN  local states.
iilxi(t)) € "™ : control vector of the ith subsystem.
i1(x), iz (wa), ..., un{xz ) : local controls.
wilwi),i = 1.2, ..., N : control policies.
{ilx;) : nonlinear internal dynamics.
gi(w;) : input gain matrix.
gilx; ) 7i(x) : interconnected term. Zj(x)'s x has no i .
;e ™™™ 4 = 1.2, ....N.: symmetric positive definite matrices.
7 : nonnegative constants.

ijl2;) : positive semidefinite function.
Qi(x;i),i = 1.2, ..., N.: positive definite functions satisfying /1 (;) < Q;(x;), 1 = 1.2,..., N.
113 (x;) : control policy.

();: /i + giuyis Lipshcitz continuous on a set {}; in [ containing the origin, and the subsystem is controllable in the sense that there exists

& 4y & 4y

a continuous control policy on {}; that asymptotically stabilizes the subsystem.

d by

Decentralized Control Problem of the Large-Scale System
Paper studies a class of continuous-time nonlinear large-scale systems: composed of N interconnected subsystems described by

i=12, ... N

IT1 (x| ) 372 (.?{'2) ET\ (x;.,.,. )

v Y

Subsystem 1 Subsystem 2 ik Subsystem N

4 A 4

Fig. 1.  Structural diagram of the decentralized control problem of the
interconnected system.

xi(0) = x40 : initial state of the ith subsystem,

Assumption 1: When ; = (), ith subsystem is equilibrium.

Assumption 2: [;(x;) and ¢;( ;) are differentiable in arguments with /;{0)) = 0.

P

Assumption 3: When &z; = (), the feedback control vector ii;{x;) = 0 .

14

s 3 . P
PN > L LR PR
s ;l...ﬂ_) = I L yd ;L;f;_]

where
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e B™F ™ 4 = 1.2, ....N.: symmetric positive definite matrices.
Zilz) eR™ . i=1,2,....N.

are bounded as follows:

N
Zi(@)|| <3 pijhis()),
— (2)
J’_
l'. = 1. 2. S .'\r.
Define
hi(zi) = maz {fal.-lf:i‘-e]- hailxi), ... h};,-lf;zf,']}

then (2) can be formulated as

| Z; (x)

<) N ,i=1,2,..,N.

where

.”aj"r".'j ;)

Aij

C1 — Optimal Control of Isolated Subsystems (Framework of HJB Equations)

C2 — Decentralized Control Strategy
Consider the N isolated subsystems corresponding to (1)
#i(t) = fi(xi(t)) + gi (wilt)) (walzi(t)))

S . 4)

1 = J.. 2. e _"\I
Find the control policies 1;(x;), i = 1, 2. ..., N which minimize the local cost functions

e -

Jilzwn) = / {(;‘]fl".‘l"_1 ) + "",-lr (i(7)) Ry (; IT”} dr
J0 (5)
i=1,2.. N
( How to get the equation 5 ? Should Q = Q and R = P, (Q and P € Lyapunov Equation) ? )
to deal with the infinite horizon optimal control problem.
where
Qi(x;),i = 1.2, ..., N.: positive definite functions satisfying
i) < Qilwi),i =1,2,...,N.(6)
Based on optimal control theory, feedback controls (control policies) must be admissible , i.e., stabilize the subsystmes on {}, , guarantee
cost function (5) are finite.
Admissible Control

Definition 1

Consider the isolated subsystem i,

(= |LI".'lﬂ."'
1:(0) =0

ty I‘f.'ll — .'!".ll-r.-m.'.]

((2;).i = 1.2, .... N, ifthe associated cost functions

|
i,

For any set of admissible control policies [i; & Jr,

| . o A PR ; i’ (Y
Vilzin) = [ {(25“.""_1 )+ .l'":r (i (T) .]R;'.l"';'lﬁ'f’.lt"_,] 1} dr
<]
4’. — 1.2. — .'m'rr.
(7)
are continuously differentiable, then the infinitesimal versions of (7) are the so-called nonlinear Lyapunov equations
0= (1,).- (Tq) + pg Lo ) Il ) + lf\—f‘ il ) Uhiles)) + gilaeg) pale; ) (8)
( How to get the equation 8 ? Should Q = Q and R =P, (Q and P € Lyapunov Equation) ? )

where
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Vi(0) =0
V()
Fof _ [ S
TVi(z) = —=2
e

i=1,2,... N

Lyapunov Equation
Linear Quadratic Lyapunov Theory (https://blogs.cuit.columbia.edu/zp2130/files/2019/02/lg-lyap.pdf)

Linear Quadratic Lyapunov Theory Notes (http://blogs.cuit.columbia.edu/zp2130/files/2019/02/lg-lyap-notes.pdf)

Lyapunov Equation

We assume A4 e ]E;“Ki'l' P =

T c B"*" It follows that f';} — {';}T c BT

TPy e have V (z) = —~T()~ where P, @ satisfy (continuous-ti

Continuous-time linear systems: for i = Az, l:"[:;;] = =z
me) Lyapunov Equation: __iT PerPA+-O=10

If P>o, Q>0, then system is (globally a;ymptotically) stable.

If pP>9, Q20, and (@,A) observable, then system is (globally asymptotically) stable.

ATP+ PA+ Q=0
where A, P, Q € R"*" and P, Q are symmetric
interpretation: for linear system
r = Ax
if
Viz)=:TPz

V(z) = :"P:
then

Vi(z) = (A2) Pz + 2T P(Az) = —:‘rf'.j"
Vi(z) = (A2) TPz +2TP(A42) = —2T0-
i.e., if -+ [7- is the (generalized) energy, then - "r'('_b;' - is the associated (generalized) dissipation

Lyapunov Integral

If A is stable there is an explicit formula for solution of Lyapunov equation:

- .
.'Il » — / Lh_f»_l[ {';Jf;f_-lﬂrt
+ ]

to see this, we note that

Interpretation as cost-to-go

If A is stable, and P is (unique) solution of
ATP+PA+Q=0

, then

A\ nvalid Equation

thus V(z) is cost-to-go from point z (with no input) and integral quadratic cost function with matrix Q

If A is stable and Q>0, then for each t, .47 ()t4 — (), so

x
P:/ et Qetddt = 0
0
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meaning: if A is stable,

» we can choose any positive definite quadratic form ;Tr;_;'; as the dissipation, i.e., _1_1-' =z (Jz

» then solve a set of linear equations to find the (unique) quadratic form 11-' — ;Tr_' )=

b

» Vwill be positive definite, so it is a Lyapunov function that proves A is stable.

In particular: a linear system is stable if an only if there is a quadratic Layapunov function that proves it.

Evaluating Quadratic Integrals
Suppose 3 — A is stable, and define
:’L’ . s al
J = / w(t)T Qu(t)dt
<1
to find J, we solve Lyapunov equation

__& T :.' » oy ;" '_Ai 4+ {)=1

ke

for P then,

J = 2(0)T P2(0)

In other words: we can evaluate quadratic integral exactly, by solving a set of linear equations, without even computing
a matrix exponential.

Online Policy Iteration Algorithm (Critic Networks)

Solve HJB Equations
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