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Math Analysis

Methods that learn approximations to both policy and value functions are often called actor—critic methods, where ‘actor’ is a reference to the learned policy, and ‘critic’ refers to the learned value function, usually a state-value
function.
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Notation
S : MDP finite state space
A : MDP finite action space
g: S xA — R given cost function
M : randomized stationary policy (RSP), mapping p that assigns to each state x a probability distribution over the action space A
P = {pg: € R"}: asetof randomized stationary policies
6 : parameter in stationary policy
Il ( U 'j]: probability of taking action u when the state x is encountered under the policy corresponding to 8
f + p19(x, 1) : map probability, policy. TG 6 FIEIET, KBx, KEREURIHE,
Pxy(u) : probability that the next state is y, given that the current state is x and the current action is u.
{X,} : sequence of states.
{Xn , U, } : state—action pairs, MDP, S x A.
tg( 2, 1) : R" valued function
Vyg(w.w) = polw, u)ibg(z, u) : policy gradient
B — (., 1) : map value function

o () : Markov chains {X,} and {X, , U, } stationary probability. K72 maHEE=EE,

o, u) = mola)pe(, w) : stationary probability. ZERSFERAHIERT, RS REDIEURIEEE,
AB) = Z glz, u)ne\z, u). average cost function. B s |
reESucA

g () : Markov chains {X,} stationary probability. k7S5 AR,

iy |f.r. U f]: probability of taking action u when the state x is encountered under the policy corresponding to 6

nolx, u) = molx) g, 1) Markov chains {X, , U, } stationary probability. 7TEIRASFRAHBHIE LT, FIRSRENEuRIB=,
) , gl w)e(x, )
oz, u) = ——— l’.{ -
‘['II H Ill.-f.f. UII
Walx, u) gl u) : R" valued function

g, u)

= lnug(z, u)

Vpelw,u) = polae, u)ibele, u) o policy gradient, EMSREMHENENRIGY, SHEBESEEMBHRE—E.
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AMA) = Z glz, u)nelz,u) = Z g{x, u)me(x) oz, u). average cost function. " s 12

reSucA rESucA

i

(Fr}(;ll, f.[:l = }r'J'[:.'E. E{j — ;".ng + Z | (y:]pry[“] : g-function
Y

, polz, u)bg(x, u)
gla, 1) = L
' pala, u)

ez, u)
pglz, )
= inug(z, u)
M)+ Vilz) = Z gz, u)ne(z,u) + Vio(z)

resSucA

= Z gz, u)mg(z) pglx, u) + Z E Vily)mg(z) o (e, w)pey (u)

reSusA reSucA

= Z pole, u)mg(x) | gla, u) + E Vo () pey(u)

reSucA
= Z polz, u) [gle,u) + E Vo(y)pry(u)

Vi ( T ) : can be viewed as the “disadvantage” of state X, it is the expected excess cost — on top of the average cost — incurred if we start at state x. {EFBSMDP{ERRZEY, =8 FTircost 1E1LL,

Theorem 1

j—ﬁ’h[ﬁ] = Z; ng(z, w)ge(e, w)iy (e, uw)
where

wglx,u) @ the ith component of 1

wim. Definethe inner product (-, -)gof 2 real valued functionsqi. g2 (q1.q2)9 = Z nglz, w)q (z, u)ge(z, u)

E T
SO

a . : .
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J(;.t H : R|HH” — \pi?b(‘: thf‘: ‘ f ‘.“v’ 110711 ".'I" = foT Hq — “r‘q ]”!.”ll;ﬁww

&g HE“FI " ERBTEF=EIHRRES T .

q — 4|, since {ga, W) g = | | qo. g ) it is enough to compute(learn)the projection of qg onto Wy,

f

Actor-critic algorithms
A HBActor-criticEi X B R EactorSHZRINFENEERE, ZactorS#EER20, critichI TIFHEITE H‘i’” FEF=E HHRRRNERME, actorFIX MR RNEMETIEMEES MEFTEHIRE,
EXRIENNEEF, FEIEIEHIREEcontrol policy S¥5{EEfeature vectors, [EvactorEHERISH.

Critic
X EmEEA T’ Nactor-critic &iZ%, XBIRETFcriticEFAIARE, criticE—NTDELNE, q-EREFVZIMESENTAZE

m
Critic T D algorithm with a linearly parameterized approvimationarchitecture for the ¢ — function, of the formQ,”(x,u) = E Pl o (z,u), wherer = (r!,...,7™) € R™, denotes the parameter vector of the critic.d), j = 1. ....m, features, used by the critic are dependent on the actor parameter 6.9y contains Wy,
j=1

Mes1 = A+ Y(0( Xk, Uk) — M)
rie1 = 7k + T (90X U) = A+ Q" (X1, Up) — Q™ (X, Uk)) 2
Yk 1 a positive stpesize parameter
P critic75i A X B RETFEHiz HRAR.
TD(1) Critic: Let x* be a state in S.

21 = 2k + 0o Xks1, Us1), i f Xigs1 # @k,
= ¢, (Xi+1, Uk +1), otherwise.

TD(a) Critic, 0 << av < 1

2k+1 = o2k + ooy (Xes1, Ugs1)

Actor

Finally, the actor updates its parameter vector by letting

Op o1 = =0 () Q™ 1 (X sty Uks1 00, (Xis1, Ugs1 )U (7 ) = Onormalization factor.I(-)is Lipschitz continuous. There exists C' = 0 such that]' < l—|||| L a positive stepsize.
' + ||7

e,

Convergence of actor-critic algorithms

actor—criticESERETHE, FGIALBMLERBIEA, EBcost 7 A )n — 0,
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7JL — 0, ¥tberiticEFAIRT, actorfIRITEFILARREATT, FrLA, HE[EcriticBIRH®, actor2Fignl. tLERiXMER T actor-only{REXRIIDER,

“LKL

Policy Gradient vs Q-learning (https://blogs.cuit.columbia.edu/zp2130/policy_gradient_q-learning/)

Value Function

m Value function s a prediction of future reward

m A policy is the agent’s behaviour m Used to evaluate the goodness/badness of states

m It is a map from state to action, e.g. m And therefare to select between actions, g

m Deterministic policy: a = 7(s) Ve(5) = By [Rest + 7Rz + PR3 + o | Se= 5]
m Stochastic policy: =(als) = P[A, = a|5; = 3]
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