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S.1 Missing arguments for the proof of Theorem 1

S.1.1 Computation of

To compute 3, we first establish the following lemma.

S.1.1.1 Useful computational lemma

For the next result, consider agents I’ and objects O’ such that |I'| = |O'| = m > 0. We
say a mapping f = h o g is a bipartite bijection, if g : I’ — O’ and h : O' — I’ are
both bijections. A cycle of a bipartite bijection is a cycle of the induced digraph. Note
that a bipartite bijection consists of disjoint cycles. A random bipartite bijection is a
(uniform) random selection of a bipartite bijection from the set of all bipartite bijections.
The following result will prove useful for a later analysis.

Lemma S1. Fix sets I' and O with |I'| = |0'] = m > 0, and a subset K C I' U O/,
containing a > 0 vertices in I' and b > 0 vertices in O'. The probability that each cycle in
a random bipartite bijection contains at least one vertex from K 1is

a+b ab
m m?
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PRrROOF. We begin with a few definitions. A permutation of X is a bijection f : X —
X. A cycle of a permutation is a cycle of the digraph induced by the permutation. A per-
mutation consists of disjoint cycles. A random permutation chooses uniform randomly
a permutation f from the set of all possible permutations. Our proof will invoke following
result:

Fact 1 (Lovasz (1979) Exercise 3.6). The probability that each cycle of a random permu-
tation of a finite set X contains at least one element of a set’Y C X is |Y|/|X]|.

To begin, observe first that a bipartite bijection h o g induces a permutation of set I’.
Thus, a random bipartite bijection defined over I’ x O’ induces a random permutation of I’.
To compute the probability that each cycle of a random bipartite bijection ho g contains at
least one vertex in K C I’ x O', we shall apply Fact 1 to this induced random permutation
of I'.

Indeed, each cycle of a random bipartite bijection contains at least one vertex in K C
I' x O if and only if each cycle of the induced random permutation of I’ contains either
a vertex in K NI’ or a vertex in I’ \ K that points to a vertex in K N O’ in the original
random bipartite bijection. Hence, the relevant set Y C I’ for the purpose of applying Fact
1 is a random set that contains |K N I'| = a vertices of the former kind and Z vertices of
the latter kind.

The number Z is random and takes a value z, max{b—a,0} < z < min{m —a, b}, with
probability:
I e (3]
(%)
This formula is explained as follows. Pr{Z = z} is the ratio of the number of bipartite
bijections having exactly z vertices in I’ \ K pointing toward K N O’ to the total number
of bipartite bijections.

Note that since we consider bipartite bijections, the number of vertices in I’ pointing
to the vertices in K N O' must be equal to b. Focusing first on the numerator, we have
to compute the number of bipartite bijections having exactly z vertices in I’ \ K pointing
toward K N O’ and the remaining b — z vertices pointing to the remaining K N O’. There

are (m;“) (bfz) ways one can choose z vertices from I’ \ K and b — z vertices from K NI’

Thus, the total number of bipartite bijections having exactly z vertices in I’ \ K that point

to KNO is (mz_“) (bfz)v, where v is the total number of bipartite bijections in which the

b vertices thus chosen point to the vertices in K N O’. This gives us the numerator. As for
the denominator, the total number of bipartite bijections having b vertices in I’ pointing

to K NO"is () (the number of ways b vertices are chosen from I’), multiplied by v (the

number of bijections in which the b vertices thus chosen point to the vertices in K N O’).

m

b)v. Thus, we get the above formula.

Hence, the denominator is (
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Recall our goal is to compute the probability that each cycle of the random permutation
induced by the random bipartite bijection contains at least one vertex in the random set

Y, with [Y| = a + Z, where Pr{Z = z} = % Applying Fact 1, then the desired
b

probability is

min{m—a,b}
Y] o Ja+tz
|:m = Z PY{Z = Z}

z=max{b—a,0}

min{m—a,b}

a z
z=max{b—a,0}
o, U6 (2)
m

z=max{b—a,0} (7;:> m

() S () (Y

z=max{b—a,1}

-2 (22 (5)

a bm—a)
=TT e
m m
_a+b ab
S om m?2’

where the fifth equality follows from Vandermonde’s identity. §

S.1.2 Completion of the computation of 3

Recall that, given an arbitrary F' € Fy,., kii» B(L, Oi ki k25 Lir, Oir, KLy, k) counts,
the number of pairs (F', ¢), I’ € Fp, x,, causing F' to arise.

As mentioned in the main text, we can construct all such pairs by choosing a quadruplet
(a,b,c,d) of four non-negative integers with a + ¢ = k! and b+ d = k?,

(i) choosing ¢ old roots from I; 41, and similarly, d old roots from O,
(ii) choosing a old roots from I;\/;;; and similarly, b old roots from O;\O;,1,

(iii) choosing a partition into cycles of N;\N;y1, each cycle of which contains at least one

old root from (ii),!

'Within round i of TTC, one cannot have a cycle creating only with nodes that are not roots in the



(iv) choosing a mapping of the k., + k2, new roots to N;\Nii1.

Hence, setting n = ||, o = |O;| and m = |I;| — |I;+1] = |Oi] — |O;41], the number of
such pairs is computed as

5 I OO0 (2

b+d=k© a+c=k!

SCUZRET 1D DD S Gl [ G | G 1 ()

b+d=k© a+c=k!
n—m\/fo—m\/m\/m-—1
- s (006
b+d=k© a+c=k!

S IID O (s [ G TG | (e

b+d=kO a+c=k!

e (o) (70 () () = () (@)
_ (mlpPm (,Z) (k%) (nk© + ok! — K'k©).

The first equality follows from Lemma S1, along with the fact that there are (m!)? possible
bipartite bijections between n — m agents and o — m objects, and the fact that there are
mA mA° ways in which new roots A’ agents and \° objects could have pointed to 2m cyclic
vertices (m on the individuals’ side and m on the objects’ side), the third equality follows
from Vandermonde’s identity, and the last equality follows from simplifying terms.

no

forest obtained at the beginning of round :. This is due to the simple fact that a forest is an acyclic graph.
Thus, each cycle creating must contain at least one old root. Given that, by definition, these roots are
eliminated from the set of available nodes in round 7+ 1, these old roots that each cycle must contain must
be from (ii).



S.1.3 Proof of Corollary 2

By symmetry, given (ny, 01, kI, k), ..., (n;, 05, kI, k), the set (I;, O;) is chosen uniformly at
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random among all the (:Z) (O"Z) possible sets. Hence,

Pr((ni-l-h Oi+1, kiIJrl? kio+1>|(n17 01, k?{, klo)v ety (niv 04, kzlv k?))
= Z Pr{<ni+170i+17kiIJrl?kiOJrl)’(nl?Ol?k{?klO)?""7(n’iaoiakilvkiO)?([ivOi)}

(1,0:):|I;]=ni,| Os|=0;
x Pr{(L;,0;) | (n1,01,k{, kD), ..., (i, 05, kf kD) }

1
= Z Pr{(ni+170i+17kil—&—l’kgi-lﬂ(nl’ol’k{?klo)v""7(]i’0i7k{7kz'())} (n)(o)
(13,0:):|L;|=n,|Os]=0; ni/ \o;
= Z Pr{(]i—i-hOH-lak'{+17ki0+1)|<n17017k{7k?)7""7(]i70i7ki17ki0)}

(13,04):1;|=n;,|0; =054
(I341:041): 14 11=n541,10; 4 11=041

:(n)(o) Z Pr{<]i+17Oi+17kiIJrl’kﬁl)’([hOiakiI’kio)L

(13,0¢):|1;1=n4,|0;1=0;
(Ti41,0441): 141 1=n5 41,105 4 11=0441

where the second equality follows from the above reasoning and the last equality follows
from the Markov property of {(I;, O;, kI, k?)}. The proof is complete by the fact that the

last line, as shown in the proof of Lemma 3, depends only on (n;41, 0511, kiy 1, k90, (i, 01, kf L ED)).

S.1.4 Computation of transition probability

Before going through the algebra, we need the following lemma characterizing the number
of spanning rooted forests.

Lemma S2 (Jin and Liu (2004)). Let V; C I and Vo C O where |Vi| = € and |V5| = k. The
number of spanning rooted forests having k roots in Vi and € roots in Vs is f(n,o0,k,l) :=
0" Ine=t=1(¢n + ko — k).



Now, we have
T zoklnkof(n, 0,k k9)

=¥ n*’ (;) (k%) " F oKL (kO 4 ok — KTKO)

— (IZ) (/:0) 0" 'n (nk® + ok’ — K'E9).

where the second equality follows from Lemma S2 and the last one uses Vandermonde’s
identity.

© is now computed as:

< >< ) n_muo_ma)‘Ia)‘O)ﬁ(nvoakl7ko;mu)\]7)‘o>

1\200, ATHAC
)( ) n—m,o—m,AI,Ao)%@) (koo)(nko+ok[—klko)

s mo—ma (25 ) () " (i) (i) ok ok 242,

Collection the terms we obtain

1 ! !
P(n,o0, kL, k9 m, M \°) = 9 = <( n ) <( 0 )'> m’\IJMOf(n—m,o—m, M9,
m)!

T o \(n—m)! 0—

Recall that the transition probability can be obtained by summing the expression over
all possible (A, A9)’s:

Prom = Z P(n,o0, k" k% m, A, \9).

0<A <n—m,0<A\°<o0—m



Hence, we obtain:

Z Z m’\lm’\of(n—m,o—m,)\l,ko)

0< A <n—m 0<A9<o—m

N (n —m\ {o—m
= E E m* m X
I o
A A
0<A <n—m 0< P <o—m

(0= m) ™™ N n —m)° X7 (0 = m)AC + (0 — m)AT = MA9)

n—m 1 eI o—m—1 o_ o \O
=m Z ( N )m’\ (o —m) A Z ()\0—1 )m’\ Y(n —m) A

1<X\9<o-m

n—m-—1 I_ eI 0o—m o o \O
+m Z ( N )mA Yo —m) A Z ( 20 )m’\ (n—m) A

0<A9<o—m

9 n—m-—1 AM_1 n—m—xI o—m-—1 A0 —1 o—m—A%
-m Z ( N >m (o —m) Z ( 3O 1 )m (n—m)

1<A <n—m 1<X9<o—-m
_mon mno m—1 + mon m 1no m mQOn—m—lno—m—l
—mo" ™ lno m l(n—i—o—m),

where the first equality follows from Lemma S2, and the third follows from the Binomial
Theorem.

Multiplying the term — (( ux ,) (( ol ,), we get the formula stated in Theorem 1.

omn® \ (n—m)! o—m)!

S.2 Number of agents matched at each stage of TTC

Consider an arbitrary mapping, g : I — O and h : O — I, defined over our finite sets I and
O. Note that such a mapping naturally induces a bipartite digraph with vertices I U O and
directed edges with the number of outgoing edges equal to the number of vertices, one for
each vertex. In this digraph, i € I points to g(i) € O while o € O points to h(o) € I. Such
a mapping will be called a bipartite mapping. A cycle of a bipartite mapping is a cycle in
the induced bipartite digraph, namely, distinct vertices (i1, 01, ..., i1, 01, i) such that
g(i;) = 0;,h(0;) = ij41,7 = 1,...,k — 1,44 = 1. A random bipartite mapping selects
a composite map h o ¢ uniformly from a set H x G = I9 x O of all bipartite mappings.
Note that a random bipartite mapping induces a random bipartite digraph consisting of
vertices I U O and directed edges emanating from vertices, one for each vertex. We say
that a vertex in a digraph is cyclic if it is in a cycle of the digraph.



The following lemma states the number of cyclic vertices in a random bipartite digraph
induced by a random bipartite mapping.

Lemma S3 (Jaworski (1985), Corollary 3). The number q of the cyclic vertices in a random
bipartite digraph induced by a random bipartite mapping g : I — O and h : O — I has an
expected value of

min{o,n}
(0)i(n):
Elgl =2 ) v
=1
and a variance of
min{o,n}

where (x); ==z(x —1)---(x —j —1).

It is clear that at the beginning of the first round of TTC, if there are n agents and o
objects in the economy, the distribution of the number of individuals and objects assigned
is the same as that of q. Appealing to Theorem | we can further obtain that for any round
of TTC which begins with n agents and o objects remaining in the market, the number of
individuals and objects assigned has the same distribution as ¢. Hence, the first and second
moments of the number of individuals/objects matched at that round corresponds exactly
to those in the above lemma. Jaworski (1985) also shows that asymptotically (as o and n
grow) the expectation of ¢ is /27,2 (1 + o(1)) while its variance is (4 — )22 (1 4 o(1)).
Given the number n of individuals and o of objects available at the beginning of Stage ¢
of TTC, if we denote X; the number of agents and objects matched at that stage, we have

that E[—2 converges to 1 as n grows while the variance of —= converges to the
Sy & & s &

41—
p

constant

S.3 Number of Rounds Required for TTC and Shapley-
Scarf TTC to Conclude

Frieze and Pittel (1995) analyze Shapley-Scarf TTC. They obtain a similar Markov chain
result for Shapley-Scarf TTC. Our result allows us to compare the two Markov chains.
Specifically, we can order the two chains in terms of likelihood ratio order. To see this,
let us recall the transition probabilities of the Markov chain obtained by Frieze and Pittel
(1995):

n! m

Prm = n™(n —m)l n



By Theorem 1, we obtain (assuming n = o):

pon = = = (i) (7 flmﬂy@”‘m)

- (nmmm— m)!)2 (m@?;?_ m)) ‘

Let us compare the two distributions in terms of likelihood ratio order. Fix n > 1 and

any m’ > m. It is easy to check that

Prom! n™(n —m)! m/

Dnm 0™ (n—m')! m

Pam [ NT(n—m)! 2 m! 2n —m/
Pom A\ ™ (n—m')! m 2n—m )’
Now, observe that

(=) 5= - =) (=) o
_ (-m)(n-—m-1)..(n—m' +1) (Qn_m/) .

nm'—m 2n —m

while

This proves that for any n, the distribution p,, . dominates p,,. in terms of likelihood ratio
order. One can prove an interesting implication of this result: for each t > 1, the probability
that TTC stops before Round ¢ is smaller than the probability that Shapley-Scarf TTC
stops before Round ¢. In other words, the random round at which TTC stops is (first order)
stochastically dominated by that at which the Shapley-Scarf TTC stops.

S.4  The Number of Objects Assigned via Short Cy-
cles

Recall the random sequence of forests, F}, Fy, .... is defined in the main text, where F} is a
trivial unique forest consisting of |I| 4 |O] trees with isolated vertices, forming their own
roots. For any ¢ = 2, ..., we first create a random directed edge from each root of F;_; to
a vertex on the other side, and then delete the resulting cycles (these are the agents and
objects assigned in round ¢ — 1) and F; is defined to be the resulting rooted forest.

We begin with the following question: If round k of TTC begins with a rooted forest
F', what is the expected number of short-cycles that will form at the end of that round?

9



We will show that, irrespective of F', this expectation is bounded by 2. To show this, we
will make a couple of observations.

To begin, let n; be the cardinality of the set I, of individuals in our forest F' and let o
be the cardinality of Oy, the set of F’s objects. And, let A C I} be the set of roots on the
individuals side of our given forest F' and let B C Oy be the set of its roots on the objects
side. Let their cardinalities be a and b, respectively.

Now, observe that for any (i,0) € A x B, the probability that (i,0) forms a short-cycle
is L1 For any (i,0) € (I;\A) x B, the probability that (i,0) forms a short-cycle is

Nk Ok
n—lk if 7 points to o and 0 otherwise. Similarly, for (i,0) € A x (Ox\B), the probability

that (i,0) forms a short-cycle is i if o points to i and 0 otherwise. Finally, for any

(i,0) € (Ix\A) x (O\B), the probability that (i,0) forms a short-cycle is 0 (by definition
of a forest, 7 and o cannot be pointing to each other in the forest F'). So, given the forest
F, the expectation of the number Sy of short-cycles is

E [Sk:|Fk = F} = E Z 1{(i,o) is a short-cycle} Fp=F

(4,0) €I X Oy

- Z E [1{(2',0) is a short-cycle} |Fk = F}

(i,O)GIk X Oy

= Z E [1{(z‘,o) is a short-cycle} |Fk - F]

(i,0)€AxB

+ Z E [1{(2’,0) is a short-cycle} ’Fk — F}
(i,0)e(Ix\A)x B

+ Z E [1{(1',0) is a short-cycle} ‘Fk = F]

(1,0)€AX (O4\B)
= Z Pr{(i,0) is a short-cycle |F, = F'}

(i,0)eAxB

+ Z Pr{(i,0) is a short-cycle |Fy, = F'}
(i,0)e(Ix\A)xB

+ Z Pr{(i,0) is a short-cycle |Fy, = F'}
(4,0)€1x x (Ok\B)

ab n,—a o —2b
< + +
NgOog Ny Ok
ao bni — ab
_ g 00kt oM <2.
NgOk

Observe that since o, > b, the above term is smaller than 2. Thus, as claimed, we

10



obtain the following result.>

Proposition S1. If TTC round k begins with any forest F,
E[Sk|Fr=F] <2.

Given that our upper bound holds for any forest F', we get the following corollary.

Corollary S1. For any round k of TTC, E[S;] < 2.

S.5 Proof of Proposition 1

We establish several lemmas before proving the proposition. Assume wlog that |I| =
n < o = |O| (the proof is symmetric when n > o). Let {n;} be the (random) sequence
corresponding to the number of individuals at Step t of TTC. By our main result, this is a
Markov chain. Let ¢; be the number of cyclic vertices on the individual side obtained in the
graph of TTC at Step t so that n;,y = ny —¢; for each ¢t > 1. In general, n, = n — 2;11 Cr,.
Thus, E[n,] = n—3_t_" E[ex]. Finally, letting {o;} be the (random) sequence corresponding
to the number of objects at Step t of TTC, we observe that n; < o; forallt > 1 sincen < o
(and the same number of individuals and objects are assigned at each step).

The following lemma shows that, if we start from any Step ¢y of TTC with a number of
agents/objects ny, > on, for any arbitrarily small 6 > 0, then with a significant probability,
after a number of steps linear in y/n we will end up with fewer than dn agents remaining
in the market.

Lemma S4. Consider any Step to > 1 of TTC. Fix any 6 > 0 and let ¢ := \/%. There is

v > 0 such that liminf Pr{n, .. m < dn|n, > én} >~y where v does not depend on t,.

PROOF. In the sequel, we condition on the event that n;, > dn. By the Markov chain
property, we can view the process as starting with a number n;, of agents/objects. To
avoid notational clutter, we suppress the dependence on the conditioning event {n;, > on}
throughout. Assume that there is 6 > 0 such that limsup Pr{n; . > én} = 1. Let us
further assume that lim, o Pr{n.» > ¢} = 1, taking a subsequence if necessary. Note
that the event {n, . /m > on} implies that n, > én for any t, <t <ty + ¢y/n. Thus, for

2Note that the bound is pretty tight: if the forest F' has one root on each side and each node which
is not a root points to the (unique) root on the opposite side, the expected number of short-cycles given
Fis nklok + "Z;l + 01221 — 2 as ng, 0 — 0o. Thus, the conditional expectation of s; is bounded by 2

and, asymptotically, this bound is tight. However, we can show, using a more involved computation, that
the unconditional expectation of s; is bounded by 1. The details of the computation are available upon

request.
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each tg <t < tg + cy/n, Pr{n, > on} > Pr{n, . m > 0n} — 1 and so, since the lower
bound on Pr{n; > dn} does not depend on t, Pr{n; > dn} goes to 1 uniformly across
to <t <ty + cy/n. Now, by definition,

Elc;] = Ele Iny > on] Pr{n; > dn} + E[e; |ny < on] Pr{n; < dén}

and so
E[c]

Eles |ny < dn]
Elc; [ny > dn

=P
r{nt > 577/} + E[Ct ‘nt N (5n]

Pr{n; < dn}.

Thus, using the fact that Pr{n, > dn} converges to 1 uniformly across any ty < t < to+cy/n,
we obtain that % converges to 1 uniformly across to < ¢t < tg + ¢y/n. So we must

have that for any € > 0, there is N > 0 and for any n > NV,

Ele,] > (1 - g) Ele, |n, > on] = (1 - %) Ele, [n, > dn, 0, > 6n + (0 — n)]
> (1——) [e |ny = dn, 0, = On]
> (1—¢)Vmon
(1-

) Vrov/n,

for any to <t < tg + ¢y/n, where the first equality comes from the simple observation that

o, —ny; = o—n > 0 for any period ¢t and the last inequality comes from the Markov property
together with the fact that lim W > 1 (Jaworski (1985), Theorem 9).

Importantly, note that the N exhibited above does not depend on the specific {5 <t <

t() —f- C\/ﬁ.

Thus, for any € > 0, there is N such that for any n > N, we have

to+ey/n—1
E[ntoJrc\/?z] = E Nty — Z Ck
k=to
to+cy/n—1
< n-— Z E[ck]
k=tg

< n—(cvn) (1 —¢e)Vrivn

= n—(l—¢)n=cen.

In other words, lim,_,o E[n ¢ m/n] = 0. This in turn implies that lim, o Pr{n . m» <
on} =1, a contradiction to our assumption that lim Pr{n,, . m > dn} = 1.

To recap, we obtain that there is v > 0 such that lim Pr{n; . < én|n, > dn} > v
(we now make explicit the conditioning event {n;, > dn}). That v does not depend on the
specific starting date ¢y comes from the Markov property of the random process {n;}.

12



Lemma S5. Fiz any 6 > 0 and let ¢ := \/%. For any € > 0, for any k € N large enough,
Pr{ng.m < on} > & for any n large enough.

Proor. We know by the previous lemma that there is v > 0 such that for n large
enough, Pr{n. ~ < on} > v. First, note that Pr{ny. 5 < én} > v+ (1 —7)y. Indeed,
because {n,} is a decreasing sequence, {n., < dn} implies {ny. 5 < on}. Hence, we have

Pr{ng. m < dn}
= Pr{n. m < on} Pr{n,. m < dén ’nc\/ﬁ < on} +Prin. 5 > on} Pr{ng. m < dn |nc\/ﬁ > on}
= Pr{n.m < on} + Pr{n.m > 0n} Pr{ng./m < dn|n.m > on}

Applying Lemma S4 for t, = 1, we know that, for n large enough, Pr{n. , < dn} > . In
addition, applying Lemma S4 for ¢y = ¢y/n, we know that, for n large enough, Pr{n,. 5 <
on ‘ncﬁ >on} > . Thus, we obtain that for any n large enough, Pr{n,. < én} >
v+ (1 =), as claimed.
Similar reasoning yields that for each & € N, there is N large enough so that
k
Pr{ngm <on} > (1-9)"ly=1-(1-"
=1
Note that the right-hand side is equal to the cumulative distribution at k of a geometric
distribution with parameter . Clearly, this goes to 1 as k increases and so our argument is
complete. Thus, if we fix any £ > 0, we can find £ large enough so that Pr{n. , < én} > ¢
for any n large enough, as was to be proved. 1
We are now ready to prove Proposition 1.

ProOOF. Fix any a > 0 and ¢ < 1, we claim that there is n large enough so that
Pr{f < a} > ¢ Consider any § € (0,) and fix k € N and ¢ = \/% in order to have
Pr{ny..m < on} > ¢ for any n large enough; which is well-defined by Lemma S5. Note that
{nkeyn < On} implies that T' < key/n + dn. Because, § < «, the term on the right-hand
side of the inequality is smaller than an when n is large enough. Thus, for n large enough,
we obtain Pr{ng., < dn} < Pr{T < keyn + on} < Pr{% < a}. Now, because, for n
large enough, Pr{n. = < dn} > &, we obtain that for n large enough, Pr{L < a} > ¢, as
claimed. g

S.6 Proof of Theorem 2

S.6.1 Proof of Theorem 2 (a)

Recall our observation that any object assigned via long cycles is uniform-randomly assigned
across individuals whom the object ranks below R} (i.e., ranks larger than R}). This in
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turn means that the rank enjoyed by each object o € O is stochastically dominated by the
uniform distribution across { [log'™*(n)]+1, ...,n}. To precisely characterize the implication
of this observation, recall that R, (resp. R;) denote the rank enjoyed by object o (resp.
enjoyed by individual ) under TTC. We also let an arbitrary vector (xy)rex be denoted by
xx. For instance, Ry stands for {R,},co. We are now ready to present the corner stone
for the proof of part (a) of Theorem 2.

Proposition S2. Fix any I' C I and O' C O" C O. For any Lo, Ly,

Pr {Ro/ S Eo/,R[/ S f[/ ’ O = O”} 2 H Pr {Y; S go} Pr {R]/ S E[/ ‘ O_ = O//}

o0’

where {Y,}oeor is a collection of iid random variables where each Y, follows the uniform
distribution over {’—log1+5(n)-‘ +1,...,n}. In addition, for any Lo, Ly,

Pr{Ro < 2o, Ry <€y |O=0"} < [[ Pr{U, <t} Pr{Ry < £, |O=0"}

oe0’

where {U,}ocor is a collection of iid random variables where each U, follows the uniform
distribution over {1,...,n}.

Roughly speaking, the proposition asserts that the distribution of the rank enjoyed
by each object within O is “squeezed” (according to first-order stochastic dominance) in
between uniform from {ﬂogHE(nﬂ +1,...,n} from above and uniform from {1,...,n} from
below, independently of the distribution of the ranks enjoyed by the agents and the ranks
enjoyed by the other objects in the set O.

To prove Proposition S2, we start with the following lemma.

Lemma S6. Fiz any O" C O. For any O' C O", for any £; := ({;)icr, o = ({o)ocor and

R*O’ = (TO)OEO/) _
Pr{R; =£;,Ro = Lo, Ry = 10,0 = ON} =0

if b, <1, for some o € O' and is a strictly positive number which does not depend on Lo
otherwise.

PROOF. In the sequel, to save on notation, we let € be {O = O”}. We first note that
PY{R[ = f[, Ro/ = fol, R*O’ = I'O/,g} = 0.

if for some o € O', ¢, < r,. Indeed, by definition, o points to r, when involved in a cycle.
In addition, o € O’ C O implies that object o is assigned via a long cycle, hence, the
individual o is matched to must have a priority rank strictly greater than r,.
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Now, for any £or, £, satisfying Lo/, £y, >> o/, we argue that
PT{R[ = f[,RO/ = EO’,RB/ = I‘O/,g} = PY{R[ = E[,Ro/ = /O’7R*O’ = I'O/,(c:}.

Indeed, fix a profile of preferences and priorities yielding {R; = £;,Ro = £o, R}, =
ro,£}. For each object o € O, let ¢ be the individual with rank ¢/. Swap i and k :=
TTC(0) in 0’s priority ordering. Clearly, k has rank ¢/ at o. In addition, since for each object
0, T, (the individual o points to when involved in a cycle under the original profile) has a
priority rank less than those of both ¢ and k at the original profile (recall that by assumption
Lo, €y > ror), each step of the TTC algorithm remains unchanged after the swaps. Hence,
{R; =4£;,Ro = £,, R}, =10, E} is obtained. Thus, we have an injection from the set of
profiles of preferences and priorities yielding {R; = £;, Ror = Lo/, Ry, = ror, £} to the one
vielding {R; = €;,Ro = £, R}, = ror, £}. Given the iid distribution of priority order, it
follows that

PI{R[ = E[,RO/ = EO’aR*O/ = I‘O/,g} < PI{R[ = eI,RO/ = £, /,R*O/ = I‘o/,g}.

A similar reasoning shows that the inequality holds in the other direction as well.

Now, we can complete the proof of Proposition S2. Here again, in the sequel, to save
on notation, we let & be {O = 0"}. By the above lemma, for any O;,0, C O’ disjoint,
whenever well-defined, Pr{Ro, = €o,,Rr = €1 | Ro, = £o,, R}, = ro/,E} is a positive
number which does not depend on £p,.> Hence, we can write

Pr {R,o1 = EONRI/ = E]/ | R*O’ = I‘O/,g}
= Y Pr{Ro, = £y, | R =10, £} Pr{Ro, = £o,, Ry = £ | Ro, = £,,, R}, =101, £}
£,

= Pr {R01 = eOl,Rp = E]/ | R02 = EOQ,RB, = rOI,S}ZPr {R02 = ,02 | R*/ = I‘O/,g}
€,
= PI" {Rol = EOURI’ = ﬁ[/ | R02 = £O2, Rg/ =To, 8} y (Sl)
where £p, is an arbitrary profile under which the above conditional probability is well-
defined. Hence, conditional on {R}, = ro/} and &, the joint distribution of Ry, and

R does not depend on the specific realization of Rp,. This implies first that (setting
0, =10)

Pl”{R]/ < Ep | R02 = 8027R8/ = I'O/,g} =Pr {R[/ < E]/ | R*O’ = I‘O/,g}.

3Indeed, by the above lemma, Pr{Ro, = £o,, R}, = ro/, £} does not depend on £o, as long as it is
strictly positive. In addition, provided that the conditional distribution is well-defined (i.e., £o, > ro,),
Pr{Ro, = Lo,,Rr = £;/,Ro, = £o,, R}, =ro/,E} is equal to 0 if ¢, < 7, for some o € O;. In this
case, this remains equal to 0 irrespective of £p,. Finally, if £o, > ro, then the above lemma implies that
Pr{Ro, = £o,,Rr = £1,Ro, = £0,,R§, =ro/,E} is a strictly positive number which does not depend
on £o,.
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Next, using Equation (S1) with I’ = (), we also obtain that
Pr {RO1 = ﬁol ’ R*O’ =To, 5} = Pr {Rol = eol | R02 = £02, R*O’ = Tro, 5} . (82)
Now, pick an arbitrary o € O;. We have

Pr {RO1 = ‘gOl ’ Rg/ = rO,7g}
= Pr{Ro(o} =40, | Ro=lo, RS =10, E} Pr{R, =4, | Ry =10, E}
= Pr {Rol\{o} = BOI | R‘*O’ = rO'yg} Pr{Ro - go | R*/ = I'O/,(S‘}7

where the last equality comes from Equation (S2) above. Now, applying the argument
inductively, we obtain

Pr{Ro, = Lo, | RS =10, €} = [[ Pr{R, =, | Rl =10, E}.
0€01
In other words, conditional on Ry, =ro and &, {R,}.cor is a collection of mutually inde-
pendent random variables (not necessarily identically distributed). In addition, conditional
on {R}, =ro '} and &, for each o € O', R, is stochastically dominated by the uniform distri-
bution over {ﬂogl%(nﬂ +1,...,n}. Indeed, the above lemma implies that for any o € O,
Pr{R, =4, | Ry =ro,E} = 0 if {, < r, and is constant over all possible ¢, such that
l, > r,. Thus, in the latter case, Pr{R, ={, | R}, =ro,E} = n_lro. In other words, given
{R{ =ro}and &, for o € O, R, follows a uniform distribution over {r,+1,...,n}. Since
o€ O COCO, wemust have r, < log'*¢(n) and so R, is stochastically dominated by the
uniform distribution over {[log'**(n)|+1, ...,n}. To recap, conditional on {R, = ro/} and
E, {R,}oco is a collection of independent random variables that is stochastically dominated

by a collection of |O’| iid random variables distributed according to a uniform distribution
over {[log'™*(n)] +1,...,n}, ie.,

Pr{Ro <fo |Ry =10} = [[Pr{R, <, |RY =10, &} (S3)

o0’

> [ Pr{y, <t}

ocO’
NOW, for any EO’, ep,
Pr {RO’ < eO/,R]/ < e[/ | R*O’ = I‘O/,g}

= PY{RO/ < eo/ | R*O’ = I'O/,cc:} PY{R[/ < ép ‘ Ro/ < EO’?RZ’ = rO/,g}
> [ Pr{Y, <t} Pr{Ry <& |Ry =10.E}.

o€’
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where the inequality comes from the Equation (S3) together with the fact that the distri-
bution of R does not depend on the specific realization of Ry, as we already claimed.
Hence, we obtain

Pr {RO' S eO/,RII S BII ’ 8}
= ZPF{R*/ =T ‘ 8} Pr {RO/ S EO/,R[/ S f[/ | R*O’ = I'o/,g}

rol
> > Pr{Ry, =10 | £} [[ Pr{Y, < L} Pr{Ry < £y | R, =101, £}
ro/ o€’
= ] Pri{¥. <6} Pr{Ry =ro | E}Pr{Ry < £y | Ry =10, €}
o€’ ro/
= ] Pr{¥. <t} Pr{Ry <ty | €}
ocO’
as claimed.
Note further that, conditional on {R}), = ro/} and &, {R,}.cor stochastically domi-
nates the collection of |O’| iid random variables Uy, ..., Ujor| where the distribution of U, is

uniform over {1,...,n}. Using a similar argument as above, we obtain that, conditional on
E, {R,}ocor stochastically dominates a collection of |O’| iid random variables distributed
according to a uniform distribution over {1,....,n} and we can easily complete the proof of
the second part of Proposition S2.

0]
recall that % 4 1. Hence,

for any given integer K (which does not depend on n), Pr {{o1,...,ox} C O} converges to
1. In addition, from the above proposition, we directly obtain that for any I’ C I and for
any O C O, for any £o/, £y,

Finally, to complete the proof of part (a) of Theorem 2

“

PI'{RO/ SEOHRI’ §£I/ | O/ g O} Z H PI‘{Y;) S 60} X PI'{RI/ Sﬂp ’ O/ g O_}

ocO’
and, in addition,

Pr {RO’ S EO/,R[/ S E]/ | O/ g 6} S H PT{UO S EO} x Pr {RI! S EI/ | Ol g O} .

o€’

S.6.2 Proof of Theorem 2 (b)

Fix z € [0,1]. By the above result, given {O = 0"}, the collection {1z <. }oeo 18 stochas-
tically dominated by {1y, <.} }oeo Where Y, is 2U{ [log"™*(n)] + 1,...,n} which converges
in distribution to U[0, 1]. Similarly, given {O = O"}, the collection {1{r,<z}},co stochas-
tically dominates the collection {17, <41 }oco Where U, is 2U{1,...,n} which converges in

distribution to U[0, 1].
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Now, fix any d > 0 and let us further condition w.r.t. the event that |O| > (1—§)n. Note
that the probability of this event goes to 1 as n grows. Now, conditional on ‘O‘ >(1-9d)n
and {O = 0"}, we have,

1 1
n 2 lrst = p | L Maeyt 2 Yas

0€0 0€O\O
Ol 1 O\O
< L?ZI{RQ«}"" \ ’
| |on
<st Zl{R <$}+(5
OEO
< (1-9) 15 |Zl{yo<w}+5—>(1—5)x+5
oe0

where the convergence result is by the LLN. Similarly, we must have that conditional on
the above events,

1
ng{Rogx} > (1— {0] > Lg,en = (1= 0)x.
0c0

0€0

Hence, conditional on |O| > (1 — 6)n and {O = 0"}, we must have that with probability
going to 1, 23~ 1{R0§x} falls in [(1 — d)z, (1 — 0)x + ¢]. This must also be true if we
only condition w.r.t. ‘O| > (1 —d)n. Since |O| > (1 —&)n is a large probability event,
we must have that, unconditionally, with probability going to 1, %ZOEO 1 {Ro<z) falls in
(1 —=0)z, (1 —9d)x+6]. Since 6 > 0 is arbitrary, this implies that

1 1 »
EZ {ROSI} — T

0€e0

S.7 Proof of Corollary 1

Denote Rank;(o) (resp., Rank,(7)) for the rank of object o (individual i) in ¢’s preferences
(o’s priority ordering). Let us denote by E the joint event {o € O and Rank,(i) > R}} and
let us first show that

1
Pr{R, > Rank,(:) |E, R; > Rank;(0)} = Pr{R, < Rank,(i)|F, R; > Rank;(0)} = =.

Consider the event {R; > Rank;(0), R, > Rank,(i),0 € O,Rank,(i) > R:}. Pick any
preference profile under which this event is true. Let &k be the individual with rank R, (i.e.,
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TTC(0) = k). Since 0 € O C O, R* < R,. In addition, by assumption, we must have R* <
Rank, (7). Hence, both k& and ¢ have a priority ranking at o worse than that of R’. Now,
let us swap k and 7 in object o’s priority ordering. Because both k and ¢ have a priority
ranking at o worse than that of R}, this has no impact on the outcome of TTC. Thus,
we must have {R; > Rank;(0), R, < Rank,(i),0 € O,Rank,(i) > R’}. Thus, we have an
injection from the set of profiles of preferences and priorities yielding { R; > Rank;(0), R, >
Rank,(i),0 € O,Rank,(i) > R:} to the one yielding {R; > Rank;(0), R, < Rank,(i),o0 €
O, Rank,(i) > R}, showing that

Pr{R, > Rank, (i) |E, R; > Rank;(0)} < Pr{R, < Rank,(i) |E, R; > Rank;(0)}.
Clearly, a symmetric reasoning shows that
Pr{R, > Rank,(i)|F, R; > Rank;(0)} > Pr{R, < Rank,(i) |E, R; > Rank;(0) }
and so we can conclude that
Pr{R, > Rank,(i)|F, R; > Rank;(o)} = Pr{R, < Rank,(i)|F, R; > Rank;(0)} = %
Using a symmetric argument,
Pr{R, > Rank,(i)|E, R; < Ranki(0)} = Pr{R, < Rank,(i)|E, R; < Ranki(0)} %

In words, the probability that R, > Rank, (i) does not depend on the realization of event
{R; > Rank;(0)}, and it follows that

1
Pr{R, > Rank,(i) |E'} = Pr{R, < Rank,(i)|F} = 5

Now, it is enough for our purpose to show that the probability of the joint event E = {o €
O, Rank,(i) > R:} goes to 1. Indeed, we already know that the probability of {o € O}
goes to 1. In addition, Rank,(i) follows a uniform distribution over {1,...,|/|}. Hence,
Pr{Rank,(i) > log'*(n)} goes to 1. We also know that Pr{R* < log'™(n)} goes to 1.
Thus, Pr{Rank,(i) > R’} goes to 1 as well and so Pr(E) goes to 1. The first statement is
thus proven.

For the second statement, let us consider the probability that (7,0) blocks TTC given
that event E holds. This is,

Pr{R, > Rank,(i), R; > Rank;(0) |E}
= Pr{R; > Rank;(0o) |E}Pr{R, > Rank,(i) |E, R; > Rank;(o)}
= Pr{R; > Rank;(o)|E}Pr{R, > Rank,(i)|E}
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where the last equality holds by our argument above.

Now, we first claim that
|Pr{R, > Rank,(7), R; > Rank;(o)} — Pr{R; > Rank;(0)} Pr{R, > Rank,(i)}|

goes to 0 as the market grows large. We have shown that conditional on FE, this difference
is just equal to 0. Now, since, as we already showed, Pr(FE) goes to 1, the convergence must
hold unconditionally.

Second, we know that Rank, () is a uniform distribution over {1, ..., ||} and let us ob-
serve the realization of Rank, (i) has no impact on the distribution of R,. Now, Proposition
S2 showing that R, converges in distribution to U[0, 1] gives us that Pr { R, > Rank,(i)} goes
to % Taken together the above two points yield

1
Pr{R, > Rank,(i), R; > Rank;(0)} — 5 Pr{R; > Rank;(0)}

goes to 0 as the market grows large. This completes the proof of the first part of the
statement of Corollary 1 since 3 Pr{R; > Rank;(0)} is equal to the probability that (,0)
blocks RSD (recall the equivalence result by Carroll (2014)).

Finally, we can easily obtain that the difference between the expected fractions of block-
ing pairs under TTC and that under RSD converges to 0.
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